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THE TRAVELLING-WAVE MASER

by P. N. Butcher

1e Introduction

One fundamental discovery led to the development of the solid-
state maser (_1crowave amplification by stimulated emission of
radzatlon) It was found that certain solids can be maintained in an
“active condition with respect to a microwave frequency band, i.e. they
amplify radiation falling on them in this band instead of attenuatlng
it. The solids which have this remarkable property are certain
crystals doped with paramagnetic ions belonglng to the transition-:
groups of the Periodic Table (Fed*, cro*, Ni%*, @d * etc. ) which have
a permanent magnetic moment, The oaramagnetlc ions are the active
constituents of the crystal, Hereafter we usually call them simply
'the ions'; leaving understood the fact that they are paramagnetic.
The surrounding crystal serves to hold the ions in place and modifies
their behaviour in various useful ways. T.e relevant properties of
the ions are described in Section 2. The discussion is confined to
ions from the iron transition group (Sec, Ti, V, Cr, Mn, Fe, Co, Ni)
which are the most important in practical applications.,

The ions can be activated in a variety of Ways.1 The most
successful method is the continuous microwave pumping technique
suggested by Bloembergen“, The technique is described in Section 3
where the’quantum theory of maser action is outlined qualitatively.
we do not go into very much detail about the quantum theory because
the classical treatment developed in Section 4 is far more illuminating,
It gives one an intuitive grasp of the non-reciprocal behaviour of the
paramagnetic ions which is exploited in the travelling-wave maser,

Once it was appreciated that a paramagnetic crystal could be
maintained in an active conditions, making a practical amplifier out
of it was a relatively easy step. One simply has to put the active
crystal into some sort of structure which carries the signal to the
crystal and takes it away again after it has been amplified. The
obvious structure to choose is a resonant cavity with waveguide féeds.
All but one of the solid-state masers built to date have been of this
type. However, the cavity maser has several disadvantages: bi-
directional gain, instability, high gain-senaitivity, narrow bandwidth
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and tuning difficulties. It has been recognised for some time that
the solution to these problems lies in distributing the active
crystal along a wavegulde instead of putting it in a cavity. The
maser group at Bell Telephons Taboratories has recently built a
travelling~wave maser with a performance which completely fulfils
the theoretical predictionsd,

The wavegulde in a travelling-wave maser must have two particu-~
lar properties: extremely low group velocity (less than 1% of the
velocity of light) and distinct regions of contra-rotating circularly
polarised magnetic field. In Section 5 we show how these character-
istics can be achieved by using an array of parallel wires to guide
the wave, taking as a specific example the comb structure used at
Bell Telephone Iaboratories, Section 6 is concerned with the
engineering characteristics of the travelling-wave maser: forward
gain, reverse loss, gain sensitivity, bandwidth and noisc figure.

It is probably unnecessary to remind the rcader that the current
interest in masers has arisen because they have noise figures of
the order of 0,1 db.

2e Spin, Magnetic Moment and Energy Levels

7

The electron is not Jjust a point having mass m = 0.91 x ‘IO"2 gm,
and charge of magnitude e = 4.8 x 10710 e,s.u. Tt is a particle of
finite size which is always spinning sbout an internal axis. The
spin can be described by drawing a vector s pointing along the axis
of rotation and having a magnitude equal tO\/j/Z, which is the
angular momentum of the electron in unitg_of A, Planck's constant
divided by 27 (see Fig.1). Nowh = 10727 erg-sec, which is an
extremely small angular momentum by macroscopic standards. For
example, an8electron moving in a circular orbit of radius 1 cm. with
velocity 10° cm/sec. (kinetic energy 2.8 eV.) has an'orbital' angular
momentum of mvr = 0,91 x 107 '7 erg-sec, We may therefore neglect
spin when discussing the macroscopic motion of electrons. The
situation is gquite different when several electrons come together
around a nucleus to form a stable ion, The orbit radii are then
about 107° cm, and the kinetic energies are of the order of 2,8 &V.
Hence mvr = 0,91 x 10727 erg-sec, which has the same order of magnit-
ude as the spin,

For an ion it is no longer legitimate to neglect the spin in
comparison to the orbital angular momentum, In fact, when the ion
belongs to the iron transition group and is embedded in a crystal
lattice, precisely the reverse is true: we may neglect the orbital
angular momentum in comparison to the spin. This situation occurs
in the two most successful maser crystals: aluminium oxide doped
with Cro* ions (ruby) and potassium cobalti-cyanide doped with cr2*ions,
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Fleure 1  The spinning slectron

It comes about because the electrons re-orient their orbits in such
a way that theirtotal orbital angular momentum vanishes. They do
this in an effort to reduce their interaction with the surrounding
crystal, As onc might expect, the spins tend to associate in anti-
parallel pairs in an attempt to make the total spin vanish as well,
The characteristic property of the ions of the iron transition group
is that complete pairing off of the spins is prevented by the
combined ¢ffects of the Pauli exclusion principle and the Coulomb
interaction between the electrons, (Parallel spins cannot approach
one another and so have a low Coulomb interaction energy in comparison
to anti-parallel spins which can approach one another)., These ions
have a rcsidual total spin which can be described by a (total) spin
vector § in the samc way as we described the spin of an individual
cloctron. The magnitude of § is equal to S({S + 1) where S = 1/2,
1, 3/2 ete. is one half of the number of unpaired electronic spins
in the_ion, (For an isolated elcctron § = 1/2 and |S| =v3/2.

For Cr>* § = 3/2 and |S] =vA5/2.) Tt would take us too far aficld
to investigatc the reason for this curious formula for the magnitude
of the spin vector which has its origin in the Uncertainty Principle.
The number S is characteristic of the ion and is simply called its
spin, since no confusion with the spin vector S is likely to arise,
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It might perhaps seem more appropriate to call /S(S + 1) the spin,
but 8§ is easier to remember and it is more useful in calculations.

Now that we have given up the idea that the electron is a
point particle, we might try to picture it as a tiny spinning ball
of charge, The spinning charge creates a magnetic field which can
be calculated from Maxwell's equations, One finds that the magnetic
field is just the field which would be produced by a little bar magnet
lying along the spin direction and having a magnetic moment (pole
strength times length) equal to (e/2mc)a|s|erg/gauss in magnitude
where ¢ = 3 x 1010 cm, /sec, is the velocity of light. (See Fig.1).
The quantity (e‘h/%mc) is called the Bohr magneton and is denoted
by B = 0,93 x 107 0 erg/gauss, The magnet has its North pole
pointing in the opposite direction to s because the electronic
charge is negative (e denotes the magnitude of the electronic
charge). We may describe the megnetic properties of this model
of the clectron by drawing a 'magnetic moment vector' He = - Bs,
pointing in the opposite direction to s and having = magnitude
equal to Bl_s_‘ . In so doing we would be wrong in only one respect:
our simple model gives a magnitude to the mggnetic moment which is
too smell by a factor of 2, the famous Lande g-factor for electron
spin. Tn fact the magnetic moment (vector) of an electron is

Be = - B8 (1)
as shown in Fig. 1.

We are concerned with whole ions rather than isolated elecctrons,
By adding together the magnetic moments of all the electrons, we
obtain for the magnetic moment of an ion with spin vector S

b3 =~ 288 (2)

Tons of the transition group elements have a permanent magnetic
moment because they have a non-zero spin vector, The ions of all
other elements have zero spin and no permanent magnetic moment.

The significance of the permanent magnetic moment becomes
apparent when we consider what happens when the ions are placed in
a d.c. magnetic field Ho. Suppose, for simplicity, that H, is
directed along the z-axis of a Cartesian coordinate system and has
magnitude Hg. Then the energy which the ion has in this field is,

A

as for a bar magnet,™ -
E=-1H,Hig
ZBHQSZ

from equation (2). The primary distinction between a inacroscopic
- L'_ - ) ’
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bar magnet and an ion is that the bar magnet can take up any orien-
tation with respect to the field while the orientation of the ion
is quantised. The quantisation rule is: S, must be integral when
the spin S is integral and S, must be half-integral when S is half-
integral, By taking into account the obvious geometrigal restric-
tion that lszl must be less than or equal to |S] =/8(8 + 1), we
find that the permissible values of S, are -1/2, + 1/2 when S = 1/2;
-1,0, + 1 when S = 1;. ~-3/2, -1/2, +1/2, + 3/2 when S = 3/2 and -S,
1-S, 2=8 s4eee S-1, S in the general case, There are 2S + 1
possible values of S, going up from -S in steps of one. Hence

the ion has a series of 23 + 1 equally spaced energy levels going
up from ~28H,S in steps of 2BHp. Figure 2 is a sketch of the
possible energy levels in the cases S = 1/2 (Tid%), 1(Ni%*) and
3/2 (Crd+), The energy levels are labelled by the values of S,

to which they correspond. With one trivial exception, this
convention will be adhered to throughout the paper.

So far we have only taken account of the applied magnetic
field. There is also an internal magnetic field.%roduced by the
electrons themsclves as they move in their orbits, The magnetic
field produced by the orbital motion of all the electrons vanishes
outside the ion because their total orbital angular momentum and
magnetic moment both vanish, Inside the ion, however, the details
of the orbital motion come into play and each electron cxperiences
a finite magnetic field produced by all the others, The effect
which the internal magnetic field has on the energy of the ion
depends upon the angle which it makes with the total spin, Differ-
ent energy levels in the external field correspond to different
orientations of the total spin and so the internal field will
affect them differently. Hence, one actually finds an unequally
spaced series of energy levels as indicated in Pig. 2 for the case

= 3/2, The diagram applies to some particular direction of the
applied field relative to the crystal. For some other direction
of the applied field the energy levels will be different because
there will be a change of the angles between the directions of the
total spins of the various levels (which are, roughly speaking,
determined by the applied field) and the direction of the internal
magnhetic field (which is determined by the eclectronic orbits and so,
in the last analysis, by the surrounding crystal). Thus, because
of the internal magnetic field, the energy levels are unequally
spaced and depend upon the direction of the gpplied field as well
as its magnitude. Unequally spaced energy levels are essential
for maser action, The anisotropy of the energy levels is a
help when tuning the maser.
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3, Populations, Transitions, Pumping and Maser Action

At absolute zero the ions achieve the lowest possible total energy
by all residing in the lowest energy level. At a temperature T
greater than O°K some of the ions are shaken out of the lowest energy
level by the thermal vibrations of the crystal. The fraction of ions
in the level with S, = M is proportional to exp(-Ey/kT) where k =
1.4 x 10710 erg/degrec is Boltzmann's constant. Now By/kT is
approximately equal to M2BHo/kT = 0.16 when M = %, Hy = 3000 gauss,
and T = 1.25°K. As a rough approximation we may therefore expand
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the exponential as a power series and keep just the first two terms.
Since there are 28 + 1 levels in all, the fraction of ions in the

level with SZ =M is

o _ T = By /kT

M2 (1 - By/kT)
M

P

~ 1 - By/kT :
- 28 + 1 (&)

It is interesting to digress for a moment in order to see why
ions of the transition group elements are called paramagnetic ions.
In thermal equilibrium the ions prefer to occupy the lower cnergy
levels, i.e, there are more ions with positive values of p;, than
there are with negative values of ;.. Consequently the total
magnetic moment per unit volume of the crystal has a positive
z-component, It is parallel to the applicd ficld and the crystal
is paramagnetic in the usual sense of the term. The paramagnctism
is entirely duc to the permanent magnetic moment of the transition
group ions, Ions from other groups of the Periodic Table have no
permanent magnetic moment., Lenz's law governs their behaviour in
an applied magnetic field, The clectronic orbits precess so as to
set up a magnetic moment opposing the applied field, i.e. the ions
are diamagnetic,

Paramagnetic ions can be induced to jump from one level to
another by subjecting them to a magnetic ficld oscillating at an
angular frequency equal to the energy difference divided by A,

For adjacent levels the transition frequency is (neglecting the
internal magnetic field) 2fH/A = 2% x 2. 8Hy megaradians/sec. ,

which is a microwave frequency when Hyis a few thousand gauss,

It would appear from what has been said that the ions only respond
to a microwave magnetic field at precisely the transition frequency.
This is not true because therc is yet another internal magnetic
field acting on the ions; the field which the ions produce outside
themselves by virtue of their spin magnetic moments. Each ion
experiences the magnetic field produced by all the other ions and
any nuclear magnctic moments which may be in the crystal, This
field is different at the sites of different ions and so the energy
levels are spread out over a band, The ions therefore have a bell-
shaped frequency response curve, the precise shape of which is deter-
mined by the density of levels in the various parts of the energy
bands. It is called the linc shape and is about 50 Mc/sec., wide
in good maser crystals,
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When a particular transition is excited by microwave radiation
with angular frequency w, ions in the lower level jump up to the
upper level by absorbing a quantum fiw of radiation encrgy and ions
in the upper level drop down to the lower level by emitting a
quantum of radiation energy. The transition rate per ion, V, is
the same in both dircctions. Consequently the net power absorbed
from the radiation pcr unit volume of crystal is

Pp=T w.N(pzr -pu)e V (5)

where N is the numbcer of ions per unit volume, pgis the fraction of
ions in thc lower level and p,, is the fraction of ions in the upper
level. The important thing to notice is that the absorbed power

is proportional to the 'population difference' across the transition

N(Pe - Pu)'

When the ions are in thermal equilibrium, P > Py and there is
a nct positive absorption of radiation, i.e. the crystal is passive.
In a maser the thermal equilibrium populations are upset in such a
way that p, < Pus The incident radiation then stimulates a net
ncgative absorption, i,e. a net emission of extra radiation and the
crystal is active. There arc several ways of achieving this
condition, ! The most satisfactory method is that suggested by
Bloembcrgen~ which utilises three eergy levels of an ion with a
spin of onec or more. Let us number these levels 1, 2 and 3 in order
of increasing energy (sec Fig.3). The signal to be amplified induces

E;

SIGNAL

PUMP

| €,

Figure 3 The Thiec~level maser
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transitions between levels 2 and 3. Thc population of level 3
is made greatcr than that of level 2 by 'pumping' ions up from

level 1 with an intense microwave ficld at the resonant frequency
f the 1 to 3 transition.

The pumping action comes about as follows, When the pump
ficld has a low intensity the populations arc not much disturbed
from their thermal equilibrium values, The ions therefore absorb
(positive) power from the pump because more ions jump up from
level 1 to level 3 than drop down from lcevel 3 to level 1,
Obviously the population of lcvel 3 is incrcased by the absorption
process, It is prevented from increasing indefinitely by the
thermal vibrations of the crystal which do their best to restore
thermal equilibrium, The net result of the competition between
the pump and the thermal vibrations is that the populations reach
steady valucs with rather more ions in level 3 and rather less
ions in level 1 than is the case in thermal equilibrium. As the
pump intensity is raised the population of level 3 increases and
the population of level 1 decreases until, when the pump completely
overcomes the thermal vibrations, .both levels have the same popula-
tions.

Efficient pumping of suitable crystals makes the population
level 3 grecater than that of level 2 and the ions become active at
the signal frcquency.  Indeed, when levels 1 and 3 are equally
populated, the population differences .across the 2 to 3 transition
and the 1 to 2 transition arc cqual in magnitude and opposite in
sign. Henee the crystal is active either at the frequency of the
2 to 3 transition (as is assumed in Fig,3) or at the frequency of
the 1 to 2 transition. Efficient pumping activates the crystal
at one frequency or the other (disregarding the unlikely event of
equal populations in all three levels). The three-level mascr
scheme fails, in principle, only when the encrgy levels are
equally spaced. In that case the signal stimulatcs both the
active transition and the passive transition, The net effect is
a small absorption or emission depending on which transition has
the largest transition rate. Thus, the unequally spaced energy
levels produced by the internal magnetlc field are essential for
maser action.

We can easily estimate the fractional population difference
agross the 2 to 3 transition when the pump field is intense, ILet
Py, P2 and po be the fractional populations of the three levels
in *thermal equilibrium, If the pump only affects the populatlons
of levels 1and 3, then the populations after pumping are

P35 =pq =5 (04 + P3)

P2=P2
_9..



Hence, by using cquation (4) with a slight change of notation, we
obtain

o} e}
p,-P3=pp -2 (py + p3)

- [%(E1 + By) - EZ]/[(zs + 1)kT:l (6)

which is ncgative provided level 2 is nearer to level 3 than it is
to level 1, The numerator in this expression is typically of the
order of ~iBH, so that py - p3 ~ ~5BH,/ [@S + 1)kI ) = - 2.0%
when H., = 3000 gauss, S =3/2 and T = 1. 25°K. Clearly the popula-
tion difference after pumping has the same order of magnitude as
the thermal equilibrium population difference, but of course its
sign has becn changed by the pump.

The power necessary for efficicnt pumping is determined by:
the strength of thc coupling between the thermal vibrations and
the ions, the amplitude of the thermal vibrations and the density
of ions, Some ions arg more weakly coupled to the thermal vibra-
tions than others. Crot in ruby or potassium cobalti-cyanide is
particularly good in this respecct. Many crystals, which might
othcrwise be suitsble maser materials, have to be discarded because
the ions arc coupled too tightly to the thermal vibrations. The
amplitude of the thermal vibrations can be reduccd by cooling the
crystal. As has bcen indicated above, it is usual to cool to
liquid helium tempcratures. Mascr action has been observed in
ruby at 609K, but the effcct is less pronounced because the
temperature appears in the denominator of exprcssion (6) for tée
fractional population difference across the active transition.

The density of ions also plays a significant role in determining
the pump power. As the density is raised, the ions come closer
together and couple more strongly through their magnetic fields,
It then becomes more difficult to disturb the thermal equilibrium
of the ions, Taking ruby as an cxample: light ruby containing
of the order of 0,05% cro* can be effectively pumped with a few
hundred microwatts ofBEump power per unit volume of crystal; dark
ruby containing 1% Cr”" or more is unaffected at this power level,
L similar situation exists in other paramagnetic crystals, We
see that pumped paramagnctic crystal comes in two grades: active
crystal (low density) and passive crystal (high density). This
fact is cxploited in the travelling-wave maser.

L, Classical Theory of Maser Action

The quantum-theory of maser action has been outlined in Section
3. To complete the analysis we have to calculate the transition
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rate induced by the signal field While it is not difficult to
do this gquantum-mechanically, 5:8 it is more illuminating to carry
out a classical calculation of the response of the ions to the
signal field, The classical approach has onc defect: we cannot
easily take into account the internal magnetic field which is, in
fact, essential for maser action, Thc difficulty can be overcome
by a trick which gives precisely the right answer in some instances
and gives the right physical picture in the general case. The
author feels that the classical theory is more intercsting than
the standard quantum~mechanical calculation; -it gives one an
intuitive grasp of the non-reciprocal behaviour of the paramagnetic
ions which is cxploited in the travelling-wave maser,

First of all we give a classical description of the behaviour
of an ion with spin vector § when it is subjected to a d.c., magnetic
field Hy» This topic has already been covered from a quantum-~
mechanical point of view, but a classical trcatment is necessary
beforc we attempt to handle the response to the signal field by
classical methods. The angular momentum of the ion in c.g,.s.
units is #HS, and the magnetic moment is py = - 288. The d.c.
magnetic fleld exerts a couple on the magnctic moment which is at
right angles to both Hy and pj and has magnitude H | H.:LI sin 6 where
e is the ancle between H, and .. In vector notation, the couple
is p. the vector product of u. and _I:I_O Newton's law for
rota %1on_e:i motion states that the rate of change of the angular
momentum is cqual to the couple, Hence

d
Tla—_t‘_s_:E.j_xEo (7)

i,e., since § = —g_i/ZB and p; x Hy = - Hy X py,

hd _d = .
gt i T YH ¥y (8)

where y = 28/h = 2n x 2.8 megaradians/ gauss is the 'gyro-magnetic
ratio!' of the ion,

The solution of cquation (8) is well known; it is illustrated
in Fig. 4. The magnetic moment precesses about the d.c, magnetic
field with an angular velocity w, = yHe. The dircction of rotation
is rclated to the direction of H, in the same way as the direction
of rotation and the dircction of motlon when driving a right-handed
screw.,  For brevity, we call this a positive rotation about H,, a
rotation in the opposite sense is callcd a negative rotation. The
angle 6 between p; and Hy can have any value, The validity of this
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solution can be verificed by substitution in equation (8).

“e have just secn
that thc angle between pj
and H, is arbitrary, This
conclusion appears to combra-—
dict completely the quantis-
H ation rule for the orientat~
ion of the magnetic moment..

Nevertheless, the classical
approach is rigorously
correct in this respect!

Ay - ve saw in the quantum-
mechanical treatment that
the ions are not all in the
samc state, Some have one

6 allowed orientation,.some

have another, The uncer-

E— tainty is removed when we

x/// consider (as we must do)

a large number of ions.

» Their mean magnetic moment
F‘Ig!_.fe I, The precessing 1nagnetic woment has & well-defined direction;

but, since it is a mean, it need not have any of the allowed orienta-

tions, it can make any angle with H,. The mean magnetic moment

is the quantum-mcchanical analoguc of the classical magnetic moment

which appears in cquation (8).

Bquation (8) is not the whole story, obviously there is some-
thing missing because it predicts that the magnetic moment will go
on precessing about H, for ever, whereas we know that, in fact, it
will lower its energy as far as possible by coming into linc with
Ho. The coupling of the ion to the other ions and to the surround-
ing crystal causes this 'relaxation' of the precessing moment
towards an equilibrium value, A description of the relaxation
process which is adequate for our purpose can be obtained by adding
on to the right-hand side of equation (8) the extra term
ey - Eo)/T where p, is the equilibrium momont (parallel to EO)
and T§ is the rclaxation time (strictly: the spin-spin rdaxation

time The eguation then becomcs

Ly =vH) x @, - (g - R)/T

gt =i T Y% ¥y T Wi T RBoMTp (9)
Since is parallel to H_, equation (9) obviously has the steady-

state solutionp., =y . If the magnetic moment is moved away from
the equilibrium position it spirals back towards it, rotating at

the precession frequency w, and dccrcasing the angle of precession
exponentially with a time constant equal to Ty To prove that this
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is s0, we have only to verify by substitution in equation (9) that
it has the general solution

t
by = go + exp (-t/To) p

!
where p' is a solution of equation (8).

We arc now ready .to calculate the rcsponse of the ion to the
megnetic ficld of the microwave signal

H, = Re[H cxp(jwt) | (10)

.where H = (Hstv’Hz) is the complex vector amplitude of the field

and § =1, The equation of motion of pi in the presence of H

is obtained from Equation (9) by substituting the total field Hy +Hy
for H, alone,  When Hy is small (as we shall assume) p; is

~perturbed only slightly from and becomes P, + w4 say. By

multiplying out the vector product and neglecting the second order

term Hy x yq we obtain the cquation of motion of the perturbation g

A4/t = ¥(Ho xuy + By T o) - uy/Tp
= THo x (4 - KHy) - py/Tp (11)
since p, = KH, , where K is some proportionality constant, and

" H, x KHy = =H, x KHy.  Thec stcady-state solution of equation (11)
may be written in the form

B, = Re [_u exXp (J'Wt):i (12)

where p =(p.x,p, siz) is the complex vector amplitude of u,. By
teking the z-axis along H, (see Figure 4) and writing out the
Cartesian com]ponentssE of equation (1) with pq expressed as in
cquation (12) we obtain ‘ ’

(njw + 1/T2) Hx = —wo(u'y - KHy)

i

(Jo + /1) vy

(Jw + 1/T2) Kz

+oo(px - KHX)
0 (13)

!

% fThe Cartesian components of the vector product A x B arec
AyBZ - AgBy
AzBx = AyBy

ABy - ABy
- 13 -



Hence p, = o while py and puy arc determined by the first pair of
equations in the set (13) Instead of solving them dircctly,
it is more instructive to work with the quantitics

b= pg +dy
T TS T
HY = Hy + JHy
H™ = Hy - Jy (14)

These quantities have a simple interpretation to be explained in
a moment, By multiplying the sccond equation in the set (13) by
J and then adding and subtracting it from the first equation we
obtain immediately cxplicit formulae for p, and p :

. I
poo== -
iw - wo) + /1, (15)
¢ 'jK“’oH-
‘J, =
(o +wy) + 1/T2 (16)

Before going on we must see what the gquantities introduced by
equation (14) actually represent, The first thing to notice is
that pu, and Hy do not appear in equations (15) and (16); u, is
zero and Hz does not couple to the magnetic moment. In what follows
we shall ignore H, so that B4 and Hy both lie in the xy-plane. It
is sufficient to consider H, alone. By using the definitions (10)
and (14) and ignoring H, we have

B = (Hyp Hyy)

o[ (e 1) om0 (308)]
=re[( @+ )2, -5 @ - H)/2) o (300)

= o [3°(1, =) eamlaut)] + me & (1, 3) exp(iot)

(17)

1l

In the last line H, has been broken up into the superposition of
two fields, The first field is

B} =R | #°(1, -3) exp (dub)]
= |u*] (cos B, sing) (18)
- -



where J = wt+ the phase angle of H*. The phase angle @ increases
as time progresses, When @ = , H+ is directed along the X—axis

a quarter—cxcle later, when g = —W Hl is directed along the y-axis
(see Figure 5). Moreover, the fleld ﬁi obviously has the constant
magnitude lH{f 2|H+I We can conclude that H is a circularly

polarized field rotatlng in the positive sense about Oz (H ). The
second part of Hy:

7 - Re[;-ﬂ"(l,j) expuwt)] (19)

is also circularly polarized, but rotates in the negative sense
because of the different sign in front of j (sece Figure 5).

E_

e N S I

y Y
-0 w g-0
x x
THE FIELD COMPONENT THE FIELD COMPONENT
HY ROTATING IN THE H; ROTATING IN THE
POSITIVE SENSE. NEGATIVE SENSE.

Figure 5 Ihe circularly polarized components of the microvave magnetic field

We see that H' and H™ specify the amplitude and phase of the
two contra=rotating circularly polarized fields into which the
microwave magnetic field can be analysed. Similarly,p+ and p -
specify the amplitude and phase of the two contra-rotating circularly
polarized components (u and g7) which together make up the perturba-
tion of the magnetic momvnt The resolution of Hy and gy into
circularly polarized components enters naturally into the solution
of the equation of motion because the natural motion of the magnetic
moment is (apart from relaxation) circularly polarized. Moreover,’
we know that the natural motion is a rotation in the positive semnse
at the precbss1on frequency w . Consequently we expect to find
that pt is strongly excited by Hl when w=wg while #3 is only weakly
GXCltC& by H at all frequencies, These cxpectatlons are realized:
in equations (15) and (16): H* is excited by H* and exhibits a
resonance when w = w_ while U~ is excited by H and does not exhibit
a resonance,
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To summarize the results of the above discussion we can say
that, when w="tw o» the ions only couple to the circularly polar-
1zed component f the magnetic field which rotates in sympathy
with the natural precessional motion and tlecoupling is a maximum
when the freguency of the field is equal to the frequency of
precession, It follows from this fact that a paramagnetic crystal
is a non-reciprocal transmission medium for circularly polarized
electromagnetic waves, Consider what happens when a wave rotating
in the positive scnse about the direction of propagation passes
through the crystal, first in the direction of H, and then in the
opposite direction, In the first case the mlcrowave magnetic
field rotates in sympathy with the prccessional motion, couples
strongly to the ions and exchanges energy with them, In the
second case the microwave magnetic field rotates in the opposite
sense to the precessional motion, does not couple to the ions and
does not exchange energy with them, That is what we mean by a non-
reciprocal transmission medium, Contrast the behaviour of a para-
magnetic crystal with that of a lossy dielectric, which is a
typical reciprocal medium, The attenuation of the wave hy the
lossy dielectric is the same for both directions of propagation
because it depends only on the magnitude of the electric field
and is independent of the direction of rotation, The non-reciprocal
behaviour of the paramagnetic ions is utilised in the travelling-
wave maser to obtain gain in one direction and attenuation in the
opposite direction,

We are principally interested in the power absorbed from the
microwave field by the magnetic moment. The absorbed power is
given by

Pm = Av(Hy . Gu,/at) (20)

where 'Av' means 'time-average' and the dot means scalar product,
i,e. the product of the vectors' magnitudes and the cosine of the
angle between them, (Equation (20) is the magnetic analogue

of the mean potential difference times current formula for elec-

trical circuits,) To evaluate p, We write Hy = HY + H1 as,_ in _
equation (17) and use the correspondlng resolution of pq: En + Ry
Thus

p_ = Av [(LI: + Hy)e du) + )/ dt:(

Vie can neglect both pj afd H; in this expression because p7 is
negligible compared to u, near resonance and H, rotates in the
opposite sense to qi1/dt so that their scalar product averages
to zero, Hence

= Av(H]. du/at) (21)
- 16 -



Now E}'{ and d_g/dt both rotate in the same direction with the same
-angular velocity, keeping the same lengths and the same angle
between them. Consequently gj‘. dpf%'/dt is in fact constant. The
lengths of, the two vectors are %lHﬂ and nglp"'l and the angle
between them is ¥ = Zn+ phase angle of pt - phase angle of H+;
the w and —12—7c appear becausc of the time derivitive. Hence, by
using the rules for complex multiplication and substituting for p,+
from equation (15),we obtain

B = 2 1] ] ocmy
= Re (.)(x)i-{-47 p+/l|-)

2l g+ |2 2
L (1/70)2 + (0 - wy)? (22)

In the second line H' denotes the complex conjugate of u'.
Equation (22) is essentially the desired formula but it is conven-

ient to make a few changes at this point so as to put the formula
into a more useful form. First, we multiply by N, the number of
ions per unit volume,so as to obtain the powgr absorbed per unit
volume. Then we multiply and divide by 2T,” so as to put the last
factor into its standard form. Finally, wG write wy = yH, = 28Hy/h
and KHy = pg, the z-component of the equilibrium moment. The
final result for the power absorbed by the paramagnetic ions per
unit volume of the crystal is

2T,
2 2
1+ T, (w-ay)

(23)

Pm = Npm = ‘HAw (Nuoﬁ/m2)|H+'2

The last factor in the expression for P_ specifies the
frequency-dependence of the sbsorption, i.e. the line-shape, The
width of the linc betwcen the half-power points is 2/T2 radians/sec
= 1/(nTy) cycles/sec., which is about 50 Mc/sec in active maser
crystals, while W2% ~@./2x is a microwave frequency. It is
therefore legitimate to neglect the frequency dependence of the w
in the first factor of P, when considering the line-shape near
resonance,

At the beginning of this section it was remarked that it would
be necessary to use a2 trick to get the right answer because we are
neglecting the internal magnetic field, There has been no trickery
so faer; it becomes necessary when we cvaluate Nuy,, the z-component
of the equilibrium magnetic moment per unit volume - which is the
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only unknown quentity in the formula for P, The difficulty
arises because the cnergy lcvels are equally spaced in the

absence of the internal megnctic field, Consequently the signal
field stimulates transitions between every pair of adjacent levels,
whereas in real maser crystals the levels arce unequally spaced and
only one transition is excited. This unrealistic ferture of our
model can be obviated by ensuring that only the transition we are
interested in absorbs power, in spite of the fact that the levels

are equally spaced.

To see how this can be achleved we consi er the case of the

transition between the -% and +5 levels of C = 3/2, see
Figure 6). The quantum-mecchanical theory of Sectlon 3 showed

Ly Sp=t2
AL +3
2
ABSORBING
TRANSITION
L
Py -2
2
-3
)

ulations which supress the =3/2 to =1/
that the net power absorbed by a transition is proporticnal to the
population difference across it (see equation (5)). The absorption
is positive when there arec morc ions in the lower level than there
are in the upper level, it is negative when the reverse is true
(net emission) and it va.nlshc,s when the two populations are equal,
With this fact in mind, we consider an artificial 'equilibrium'
situation in which the fractional populations of the various levels
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have the values shown in Figure 6, The fractional populations
p_l/z.and pl/2 are determined by requiring that p—l/2 _pl/2 have the

value actually established by the pump.and that 2(p—l/° + pl/z) =1,
i.e. the sum of the fractional populations is unity, as it should
be. In this situation we have the true population difference
across the -1/2 to +1/2 transition and zero population difference
across the other two transitions stimulated by the signal field.
Consequently, all the power absorbed by the ions goes into the

-1/2 to +1/2 transition, and the power absorbed by this transition
alone is obtained by substituting in equation (23) the value of Ny
appropriate to the artificial equilibrium situation

Referring to Figure 6 we see that, of the N ions per unit

volume, a fraction P12 have S, = 3/2, a fraction P/, have 8y = /2,
a fraction P_1/2 have S, = -1/2 and a fraction P_1/2 have §, = -3/2.

Hence, using equation (2), the z-component of the 'equilibrium'
moment per unit volume is -

e (3 12 3
Ny, BN (2 pl/z T3 pL/Z 2 p—1/2 2 p—l/z)
= LFBN (P_1/2 - Pl/z) (224-)

By substituting this value of Nuy_ in equation (23) we obtain the
final result for the power absorbed by the -1/2 to +1/2 transition
r‘ ' T

2T2 }
1+T22(w~ub)21
The expression has been broken up into the product of the three
factors which occur in equation (5) of Section3: the microwave
quantum, the population difference per unit volume and the transit-
ion rate per ion. £ quantum—mechanical calculation yields
precisely %he same expression provided it is correct to label the
energy levels with values of S, as we have done. Actually this is
only true in special cases (e.g. H, along the c-axis in ruby)
because the internal magnetic field usually mixes up with the S,
values, but that is a technical complication of secondary importance
from our point of view.

Pa= o Ny, = Pysp) - | (8/0) 2% (25)
| |

The same technique can be applied in the general case to
calculate the power absorbed by the transition from S, =M to
S, = M + 1 when the ions have spin S. The result is

i o -
! 2 '
. | (B/20) 2(s-10) (s 1) i+ ]2 (26)

: 2 2

By = Ho o N(pympy )
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which rcduces to equation (25) when M = -}/2and 8 = 3/2., The ~uthor
hopes that the experts will be as delighted as he was to find the
matrix element of the magnetic moment appearing correctly in this
expression.

5. The Comb Structure

_We have seen how to obtain active crystal. Tc make an
amplifier out of it, we have simply to put the crystal in some sort
of structure to carry the signal power (and the pump power) to the
active crystal and take it away again after it has been amplified,
The obvious structure to choose is a resonant cavity with waveguide
feeds (see Fig. 7). It has the advantage

PUMP
CAVITY
SIGNAL  —— F—————— sIGNAL
INPUT ——— CRYSTAL ————— oQUTPUT
QAN
Figure 7 _ The transmission cavity maser

of producing large fields in the cavity for small input powers,
But it has a number of disadvantages:

(i) Small gains arec casily obtained, but to achieve the

20-30 db gain required of a practical device, the
coupling to the waveguide feeds must be reduced so that
less power cscapes from the cavity and the field strength
in it builds up.lo If the coupling is rcduced too far,
the maser breaks into oscillation because the emission

- from the active crystal stimulated by noise in the cavity
is more than enough to supply the ohmic losses and the
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(i)

(iii)

(iv)

waveguidse feeds. High gain is obtained by opcrating the
maser on the verge of oscillation, which is obviously a
most scnsitive and unstable condition.

AS the gain increascs the amplification bandwidth narrows,
falling off as the inverse square root of the gain, At
20 db gain the maximum possiblc bandwidth of a cavity maser
(reflection type) is 20% of the linewidth, i.e, typically
10 Mc/sec,

It is a simple matter to tune the transition frequencies
of the paramagnetic ions by altering the magnitude and
direction of the d.c., magnetic field, But the cavity
must be tuned at the same timc which is not so simple.

The amplification is rcciprocal, i.e, power sent through
the cavity in either direction is amplified by the samc
factor. Consequently small reflections in the input
and output waveguides of a high-gain maser can easily send
it into oscillation., The reciprocity of the gain may be
surprising in view of the fact that the paremagnetic
crystal is non-reciprocal. It comes about because the
magnetic field in a cavity is linearly polarised, i.,e. it
consists of two contra-rotating circularly polarised
components of equal magnitude, Fhatever direction thec
power is coming from, one of these circularly polarised
components couples strongly to the paramagnetic ions.
Non=-rcciprocal gain can only be achieved in cavity masers
by adding non-reciprocal ferrite elements outside the
cavity. These have negligible loss in one direction and
high loss in the opposite direction.

All the above disadvantages of putting the active crystal in a
cavity are alleviated to a considerable extent when the active
crystal is distributed along a waveguide instead (sec Fig, 8),

(1)

(1i)

(iii)

High gain can be achieved by increasing the length of
waveguide and by decreasing the velocity at which energy
propagates through it, so as to keep the signal in the
active crystal for a long time, Neither procedurec leads
to excessive gain sensitivity or instability.

High gain results from an exponential growth along the
waveguide instead of from positive feecdback. Consequently,
as we shall see later, the bandwidth falls off as the
inverse square root of the gain in dbs instead of falling
off as the inverse square root of the actual gain,

Tuning the pazamagnetic ions alone will tune the entire
- 21 =



duvice over the pass-band of the waveguide.

(iv) The amplification can bc made non-reciprocal by placing
the active crystal in regions of circularly polarised
megnctic field, In fact, as we shall sce later, by
putting active crystal (low density) and passive crystal
(high density) in distinct regions of contra-rotating
circular polarisation we can obtain gain in one direction
and an equal or larger loss in the opposite dircection,
The device cannot oscillate under these conditions,
however large the reflections in the input and output
waveguides may be,

lPUMP

J l SLOW — WAVE GUIDE

SIGNAL \Q\\\'\\\ Y SIGNAL
A CRYSTAL \\\\ _—
INPUT NAVAVANAN OUTPUT

MATCHING MATCHING
SECTION SECTION
Fisure 8 The travelling-wave maser

The essential characteristics desired of the waveguide
structure for a travelling-wave maser are: low velocity of cnergy
propagation (group velocity) and distinct regions of contra-rotating
circular polarisation, Both these characteristics are posscssed by
structures in which the wave is guided along an array of parallel
wires set transverse to the direction of propagation. Structures
of this type have already found many applications to clcctronic
travelling-wave tubces in which the active element is an clectron
beam, Examples are: heclices, ladder lines, meander lines,
interdigital lines and com'bs.1i We shall consider the comb
structure because it has been used sugcessfully in a travelling-wave
mascey at Bell Telephone Leboratories.

The 'purc! comb consists of an array of identical, equally
spaced, parallel wirc fingers, short-circuited at one cnd and open-
circuited at the other (see Fig. 9). However, the pure comb
will not transmit clectromagnetic energy along its length. If we
excite a particular finger, the wave bounces backwards and forwards
between the short-circuit at one end and the open-circuit at the
other; it is not passed on to adjacent fingers, In other words,
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the group velocity is zero for a purc conb, For our purposec this is
an advantage, because, by introducing a small pcrturbation, such as
the capacitive loading plate indiecated in Fig., 9, we can provide a
connecting link between the fingers and propagate a signal along the
comb (in the y-direction) with as small a group velocity as we
desire, We shall see that group vclocities of about 1% of the
velocity of light are required. This represents a very high degree
of wave-slowing which the comb structurc is ideally suited to "
perform,

O

SHORT CIRCUIT
PLATE

-— P —

CAPACITIVE LOADING

PLATE
Figure 9 Ihe comb structure
The fingcr-length A appropriate to the signal frequency w is
detcrmined by the following considcrations. When the pure comb is

excited at the signal frequency a standing-wave is set up on each
finger consisting of two waves travelling along it in opposite
directions with the velocity of 1light. Since there is an open-
circuit at the finger tip, the current along it veries like
sin(2nz/\) wherec z is measured from the finger tip and )\ is the
free-space wavelength at the signal frequency. At the base of the
finger there is a short circuit, i.e, a current maximum.,  Hence
2ni/N =x/2 and A = 2\/4. The fingers must bc a quarter-wavelength
long if the purc comb is to be capable of supporting a field at the
signal frequency.

We sce that the pure comb has an infinitesimal pass-band,
limited to the frequency for which the fingers are precisely a
quarter-wavelength long. The capacitive loading plate produces
a finite pass-band, We may estimate its width very roughly b
remembering that the group velocity is defined by the equation 2

Vo =.dw/dﬁg » : (27)

where B, is the phase-change coefficient in the direction of
propagation, Now the comb is 2 periodic structure; the pass-band
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limits crc therefore B, = O (zero-mode) and B, = n/D (n-mode) where
D is the period of the comb. Very roughly, %hen, the width of the
pass-band is

hw/2m = (dw/dB L JAB o 2 (28)

(van/D)/2n

which has the value 750 Mc/scc. when v, = ¢/100 and D = 2 mm.. The
pass-band is very much widcr than the Iine-width of thc paramegnctic
crystal, It provides a large tuning band for the travelling-wave
maser which can be increased by reducing the period of the comb,

li

The magnetic field distribution is hardly disturbed by the
capecitive loading plate. Even so, the calculation of the details
of the field distribution is obviously a formidable task, 1 Before
deriving an approximate solution of the problem, it is useful to
observe onc or two simplc properties of the fiecld. The magnetic
field encircles the fingers and the clectric ficld points radially
from thom, Hence both fields are in the xy-plane (scc Figurc 9).
Moreover, the x-component of the magnetic ficld is symmetrical
about thc planc of the comb while the y-component is anti-
symmetrical, The last two statcments are obviously truc closc to
the fingcrs, but they apply quite gencrally because, apart from a
small end-c¢ffcct duc to the capacitive loading plate, there is no
geometrical feature to render them invelid as we move away from the
corib, The symmetry propertics allow us to confinc our attention
to the £icld below the comb (x € 0).

The essential properties of the magnoetic field distribution
below the comb can be obtained by recognising that the primary
function of the fingers is to prevent conduction in the y-direction
while still providing perfect conduction in the z-direction,
Congsider a wave whose wavelength Ay in the y-direction is several
times the period of the comb, The structure of the comb is
averaged out over the wavelength and it behaves like a smooth sheet
which conducts perfectly in the z-dircction and docs not conduct at
211 in the y-dircction. To this degree of approximation the comb
is uniform in the y-dircction and the field below it depends on y
through a factor exp(-jZﬂy/Kg). Moreover, thc magnetic ficld
depends on z through the samc factor as the current along the
fingers: sin(2nz/)\). Finally, sincc the £icld must fall to zcro
eway from the comb, it must dcpend on x through a factor cxp(+Tx)
where T is the attenuation coefficicnt in the negative x-direction.
Hencc, apert from an amplitudc factor, we have



« = sin (2nz/A) CXP[TX - 52ﬂ377xj

B sin (2nz/2\) cxp[fx - jzﬂy;hé} (29)

o]
It

s
1

7

where B is a constant deEermined by the ratio Hy/Hx.

The attcnuation cocfficient T is determinced by the fact that
the ficld components satisfy the wave equation

> + + — - (30)

d2u a2y a&2u o\ 2
5 +<) U=0

dx dy

y
T = 2t/ (31)
i,c, the attenuation coefficient away from the guiding structurc is

cqual to the phasc-change coefficient in thc direction of propagation,
This is a general property of slow-waves.

By substituting H_or H, for U in cquation (30) we find that

To evaluate the constant B we invoke Ampéres Law: the line-
integral of the magnetic field round my closed path is equal to 4z
times the current threaded through it. The rcctangular path in the
xy-plane shown in Figure 10 (which is closcd at infinity) has no
current threaded through it; no conduction current because it is in
free spacc and no displacement current becausc E; = O,

x
y FINGERS
O O 0 0 060, 0 0 0 0 0 0 ©
0 >
x =0
’ t
y=0 Y= 2hg

Figure 10 Path used in applying Ampéres La
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Hence )
o ~2h -

¢ 2 L0
\ dx H, (x,0,2) + -3 dy Hy(0,y,2) +§ dx Hx(x,%%g,z) =0
-0 o g

i.e., from equations (29) and (31),

sin (2wz/X).[}g/2n + BN/ + A2 = 0

whence
B=-] (32)

To summarise: the magnetic field distribution below the comb is
given by

Hy = sin (2nz/)) exp]ZK(X~jy)/kg§

H =-JH :

. JHy (33)
In our discussion of the intcraction of the paramagnetic ions

and the signal field we saw that it is convenient to analyse the

magnetic field into two contra-rotating circularly polarised

components, The component which rotates in the positive sense

about Oz has magnitude
| = 2B« S| = 2lE + B = |H] (34)

while the component which rotates in the negative sense about Oz has
magnitude

1]~ : 1

HH| = 38, - ) = HE, - B =0 (35)
Thus the magnetic field below the comb has pure circular polarisation
with a positive scnse of rotation about Oz, On the other hand, the
field above the comb (x) 0) has pure circular polarisation with a
negative scnse of rotation about Oz because, when we pass through the
conb, Hy changes sign while Hy remains unaltered,

X

It was tacitly assumed above that A _ is positive. By substitut-
ing equation (33) into equation (10) we fec that the wave is therefore
travelling in the positive y-direction. e call it the forward wave.
Consider now a wave travelling in the negative y-direction (the
reverse wave), To do this we have merely to change the sign of the
coefficient of y in equation (29). Following through the above
calculation of T and B we find that H, and Hy are both replaced by
thelir complex conjugates., Thus thec magnetic field of the reverse
wave is the complex conjugate of the magnetic field of the forward

- 26 -



Wwave, This is a general result, For the forward wave we found

that H_ = - JHx below the comb and H_ = JH. above the conb. Taking
the colplex conjugates of these equa%ions We find, for the reverse
wave, H_ = JHx below the comb and H, = - JjHy above the comb., Thus

the dirtction of rotation is reverstd on both sides of the comb when
the dircction of propagation is reversed, This is thc ideal
situation for obtaining non-reciprocal gain.

Suppose wc fill the space below the comb with active crystal
and subject it to a d.c., magnetic field in the positive z-direction.
Then, within the active crystal, the magnetic field of the forward
wave is rotating in sympathy with the prccessional motion, it couples
tightly to thc paramagnetic ions and the wave is amplified by their
stimulated emission, On the other hand, within the active crystal,
the magnetic field of the reverse wave is rotating in the opposite
sense to. the precessional motion, it does not couple to the para-
megnetic ions and is not amplified.,

GAIN
—_—
* / 7
PASSIVE CRYSTAL
z /
o ogfc R B o o N R & N & o B o R e & S DH,
ACTIVE CRYSTAL
LOSS
Fleure 11  The crystal-Joaded comb gtructure

VWe can do even better than this by filling the space above the
comb with passive crystal (see Figure 11). The forward wave couples
only to the active crystal and is amplified. The reverse wave
couples only to the passive crystal and is attenuated. If the comb
is symmetrically loaded with active and passive crystal having the
sam¢ response to a microwave magnetic field rotating in sympathy
with the precessional motion, then the forward gain is equal to the
reverse loss, Reflections in the input and output waveguides can
never lead to oscillation.

The reader may be in some doubt as to which side of the comb is
which, We defined the regions below (x¢0) and above (x> 0) the
comb with reference to the coordinate system shown in Figure 9.

By inspecting the figure, and from the above discussion, we arrive
at the following rule, Hold the comb horizontally and look along
the fingers in either direction., Then waves travelling to the
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right rotatc in the positive scnsc (about the dir.ction of viewin:)
below the comb and rotate in the negative sense above the comb. The
directions of rotation are roverscd for waves travelling to the left.

6. Ingincerin; Characteristics

The physical principlcs of the travelling-wave maser have been
explained in some detail. In this section we derive explicit
expressions for the important engincering charactoristics: forward
gain, reversc loss, gain sensitivity, bandwidth and noise fizure.

In so doing we can safely ignore the ohmic loss of the comb structure
becausc the device will be operating at liquid helium temperatures
where the conductivity of normel metals becomes very high.

First of all we evaluate the forward gain. A forward wave is
amplified because it couplcs only to the active crystal below the
comb, The amplification can be allowed for by multiplying the
magnetic field (33) by the factor exp(ay) wherc a is the amplifica-
tion coefficient in nepers/cm, The power flow P in the positive
y-direction is proportional to the square of the ficld, i.e., it is
proportional to exp(2ay). Hence, in a small length Ay, the power
flow increzses by

AP = (dP/dy) Ay = (QeP )y (36)

The increase of P is due to the power emitted by the active ions in
the length Ay,  Hence

AP = P Ay = A\;{r"’{ (.,dxdz(-Pm) (37)

~

N

wherc P, is thc power cmitted per unit length and P is the power
absorbed per unit volume, The integration is taken over the cross~
section of the active crystal, If the active crystal fills the
region below the comb in which the field strength is appreciable then
the integration limits are x = - c© tox =0 and z = 0 to z = A,
Equating the two values of AP we have '

@ = Pe/(2F) - (38)

Now the energy stored on the comb travels with the group velocity

vV . Hence
g

P =W, (39)

where W is the energy stored per unit length.12 By substituting
equation (39) into equation (38) and using the conventional
definition of the Q-factor of the wave, viz
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l/Qm == PQ/(wW); (L"O)

we obtain

/

a = -w/(2Qv,) (¥1)
This is a standard result in the theory of lossy guides.12 In our

case howcver the absorbed power P, is negative, the 'magnetic Q' ¢
is negative and we have amplification instecad of attenuation,

Suppose that the active crystal fills arlength.e of thec comb
structure, Then the power flow increases by the factor exp(2ué)
from one end to the other, Hence the forward gain is

G = exp(2at) (k2)

and the forward gain in dbs is

G'

10 log, exp(2a2)

(43)

- 27.3 g’. . 2_ . .l'.
N Vg Gy
In the last linc we have substituted for « and written w = 2rnc/A

where ¢ is the velocity of light and A is the free-space wavelength
at the signal frequency.

To complete the calculation of the forward gain we have to
evaluate Qp. The power absorbed per unit volume by the paramagnetic
ions is given by equation (26) in Section 4, By integrating that
equation over the cross section of the active crystal and assuming

that N(pM - pM}I) and T, are constant throughout we obtain
. Py = - hw . N(py = Py,1) >
- 2T N -
‘ 2 2 {
eL(e/zh)‘(s ~1) (S+M+1). 5 gdxdz|H+|2] (L44)

LT, 5-0,)% s

The store energy per unit length is equal to 2 x 2 times the mean
maghetic encrgy stored below the comb. One factor of 2 comes from
the symmetry of the magnetic field and the other appears becausc the
mean stored electric encrgy per unit length is equal to the mean
stored magnetic energy per unit length, (This fact can be verified
by calculating, from Maxwell's equations, the electric field going -
with the magnetic field (33)). Hence, by making usc of equations
(33) and (34) we obtain
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where the limits of integration are the same as before,

When the expressions (44) and (45) are substituted into
equation (40) the field integrals cancel out leaving

L - (Qﬂﬁz/h).N( -0 10.(8 = M)(8 + M + 1), T2 (46)
: Pie ~ Pusl - LT 2o )2

m 2 o

Putting in some typical numbers: 3 = 3/2, M = -1/2, N=2x 1019
ions/cc., p 4 ~p 4 =~ 2% and 1/xTH = 50 Mc./sec. gives Qp =~ 95
whenw = w 72  *Z. Referring back to equation (43) we see that 20

.to 30 db forward gain can therefore be obtained from a crystal-
loadec. comb one wavelength long (3 cm. at X-band) provided c/ngwlOO.
We are helped in this respect by the high refractive index of most
paramagnetic crystals, Ruby, for example, has a refractive index
of 3.3 so that it automatically reduces the velocity of propagation
in the ratio 1:3.3. The required extra factor of 1:30 is easily
obtained with a slightly perturbed comb structure. (We neglected
‘the effect of the dielectric surroundings when discussing the comb
structure in Section 5. The wavelength N which appears there is in
fact the dielectric wavelength and not the free-space wavelength,
The only significant result of this correction, apart from its
influence on the group velocity, is that the finger-length must be
one-§uarter of the dielectric wavelength at the centre of the pass-
band ),

It is hardly necessary to calculate the reverse loss of the
travelling-wave maser, A reverse wave is attenuated because it
couples only to the passive crystal underneath the comb. The
magnetic () of the reverse wave is given by Equation (46) when
FQTZ and (PM - PM+1) are given the values appropriate to the
passive crystal. The density of ions in the passive crystal is
high enough to ensure that their thermal equilibrium is not dis-
turbed by the pump. Now, increasing the density of ions brings
them closer together, they couple to one another more strongly
through their magnetic fields and the paramagnetic resonance line
width increases (which is why the pump is ineffective).  Hence,
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roughly speaking, T2 is proportional to l/N and NT, is the same in
both active and passive crystals. If we also assume that Py~ Pusl
has the same magnitude in both crystals, but opposite sign, tlen
from equatlon (46) @ has the same magnitude for both forward and
reverse waves when w T:wo’ but has opposite signs in the two cases,
Consequently the reverse loss is equal to the forward gain. There
are of course many factors which can alter this conclusion, Bgually
well, there are many ways in which we can adjust the ratio of reverse
loss to forward gain.

We turn our attention now to the question of gain sensitivity.
It is clear that the travelling-wave maser is a less sensitive device
than the cavity maser, It is possible to make a numerical comparison
by calculating the sensitivity of the gain to variations of the
magnetic Q. The gain sensitivity is defined as the fractional gain
change per unit fractional change of Q. , i.e.

s - I_dg/fr_' mde (48)
A%/ O G dQp

Since G = exp(- wl/Q Vv ) we have

Qm wé

G Qm vg

"

logeG

0.230 G! (49)

The gain sensitivity of the cavity maser (reflection type) is /G.
Hence at 20 db gain the sensitivities in the two cases are L., 6 and
10 and at 30 dbs they are 6.9 and 31.6.

The amplification bandwidth is easily calculated. It is
limited because - 1/Q  falls off as the frequency departs from the
centre of the paramagnetic resonance line, ~ The bandwidth between
the 3 db points is obtained by doubling the frequency shift necessary
to reduce G' by 3 dbs from its peak value. The magnetic @ can be
eliminated from the answer by expressing it in terms of the peak gain,
We find

L 0.
B nTo / G'—l (50)

where Gé is the peak gain in dbs. The first factor on the right-hand
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side of equation (50) is the linewidth of the paramagnetic resonance
(~ 50 Mc/sec). The second factor is equal to 0.42 at 20 db gain,
Thus, at 20 db gain, the bandwidth of the travelling-wave maser is
42% of the linewidth (~~ 20 Mc/sec). In the case of a cavity maser
having 20 db gain the bandwidth cannot exceed 20% of the linewidth
and is usually much less than this limiting value.

Finally, there remains the all important question of noise
performance, Very little noise arises from the ohmic losses of the
comb structure because it is cooled with liquid helium. This not
only gives the ohmic losses a very low temperature, it also gives
them a very low resistance, Nycuist's theorem shows that both these
factors reduce the noise output. The passive ions contribute very
little to the noise because they do not couple to waves travelling
towards the output. The bulk of the noise output from the cooled
parts of the maser comes from the active ions.

Te shall calculate the noise output in a plausible but round-
about way. We neglect noise from the ohmic losses and the passive
ions entirely and consider first of all the case in which the
tactive'! ions are in thermal equilibrium at the standard noise
temperature T _ = 290CK. The 'active' ions are then passive, and
the forward gain G is. less than one, If the impedance of the
signal generator is also at temperature T,, then the entire device
is in thermal equilibrium at temperature T, and the total noise
power output per unit bandwidth must be

KT = GKT, + (1 - G)kT, (51)

On the right-hand side of this equation we have broken up kT, into
the part GKT_. coming from the source impedance and the part which is
left: (1 - G)KT,, which must come from the 'active' ions.

Next we consider the case in which the source impedance is at
temperature TO while the 'active'! ions are in thermal e uilibrium
at some other temperature T. The temperature of the ‘active' ions
can be expressed in terms of the fractional population difference
across the M to M + 1 transition which is excited by the microwave
signal, By using equation (/) we obtain

i.e. l
T = ulu/[(ZS + l)k(pﬁ - Plc\:l-x—l)} (52)

since By == 4w, Now the noise output from the tactive' ions
is propor%lonal to their temperature, Hence the total noise power
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output per unit bandwidth in this case is (cf. equation (51))
n=GkTy + (1 - G)kT (53)

Finaily, we consider the practical case in which the ‘'active!
ions are in fact activated by the pump. The population of levels
M and M + 1 change to Py and p he 'eifective temperature' of
the ions becomes (cf. equatlon (%9))

T Jl“/[( 28+ Lklpy - PM+J| (54)

which is negative because p Puid > Py and the forward gain becomes
larger than one for the samé reason, The total noise power output
per unit bandwidth in this, the case of interest, is (cf. equation

(53))
= GKT_ + (1 - G)kT (55)

Notice that the active ions make a positive contribution to n
because G> 1 and T, <0,

The noise figure of the travelling-wave maser is eQual to the
total noise power output per unit bandwidth divided by the fraction
thereof coming from the source impedance:

F

[GkTO + (1 - G)kTm]/(GkTo)
1+ |7 l/Tg (56)

il

since G»3 1 and T {0, Putting in some typical numbers:

W= 2t X 10le megaradians/sec (X-band), S = 3/2 and -2,0%
gives Ty, = -6°K and F = 1,02, i.e. O, 089 dbs, The %rave%ilng—wav
maser proper has an almost ideal noise performance., The overall
noise figure of the amplifier is therefore determined largely by the
noise emitted from the uncooled losses in the waveguide input which
are amplified by the maser,

7o Conclusion

In the next few years the cavity maser will be completely
eclipsed by the travelling-wave maser, which is a superior device in
every respect. To convince the reader that this is not Jjust another
rash prediction by a theoretician, it will be as well to close with
a brief description of the travelling-wave maser recently constructed
at Bell Telephone Laboratories.? The comb is located in a .
rectangular waveguide with the fingers parallel to the broad face
(see Figure 12), The active crystal is ruby containing O.05% Cr3+.
The passive crystal is ruby containing 1% Crg The pump power at
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19 kilc/sec is transmitted in the usual TEpy; waveguide mode which is
not disturbed by the comb. The s1gnal at 6 kiic/sec is fed onto the

RECTANGULAR WAVEGUIDE

s/ / /
~ /PASSIVE RUBY

COMB

ACTIVE RUBY

Figure The BT, travelling=vave naser
comb and taken off again by making two fingers extensions of the
inner conductors of coaxial line feeds, With 100 ni# pump power
and 5" of loaded comb the device gives 23 db forward gain 29 db
reverse loss, 25 Mc/sec bandwidth and 350 Mc/sec tuning band, The
noise figure is 0,051 db excludlng the input losses and 0,16 db
including the input losses,*

Many problems remain to be solved, For the engineer there is
the problem of d681gn1né suitable waveguide structures. For the
physicist there is the problem of understanding the behaviour of
_ paramagnetic crystals so that, ultimately, the crystal can be
designed as well as the Wavegulde. The physical principles are
clear and the future is bright,
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"ARTTHMO had been bred up to Accounts all his Life, and
thought himself a compleat Master of NUMBERS. But when he
was pushed hard to give the square root of the Number 2, he
tried at it, and laboured long in millesimal Fractions, until

he confessed there was no End of the Enquiry"

Isaac Watts
1674,-17,8
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NUMERTCAL, INTEGRATION OF FUNCTIONS GIVEN IN DECTBELS

’

by R. Hensman and D. P. Jenkins
1. Introduction

Many practical situations require the numerical cvaluation of
the logarithm of the intcgral of a function tabulated in logarithmic
form, This problem arises, for example, in estimating the powcr
transmitted in part of the beam of an aecrial whose polar diagram is
given in decibels, There are also cases where the integration of
an approximately exponential function may be most casily carried out
by taking its logarithm, the more complex integration formula being
compensated by the larger integration step which can be used.

A convenient method of performing such calculations has been
given by Jacchia (1955) and this note describes his technique in a
modified form,

2. Numerical formulae

¥hen the function to be integrated is given in decibels at
equal intervals of the independent variable, the usual difference
table can be formed:

Indcpendent Function value Differcnces
variable in db
XO" 2h y_2
6_1_;_
* 6'!
xo-h yo1 -1
§_1 o'y
5 -1
6!1 iv
XO yo ¢} 6 o
61 8"}
2 2
611
Xo+h yl
51%
xo+2h Yo



In terms of these central differences Jacchia's basic result can be
written

X +h =
1 .© y/10
= _
10 log) |+ \\ 10 i—
. g
log 10
Y.+ 581 4 ———— © (6 ) L 6" E3 o™ ...
© 2 240 12 2k z

The quantity TOy/lo is, of course, the 'natural' value corresponding
to y db. This formula can be derlvpd using natural logarithms by
expanding y(x, + wh) in powers of m, §, 8", etc. followed by
1ntegrat10n w1th respect to m, A more convenlent form analogous

to Simpson's rule is

-X0+h y/lo —1

10 log,, f 10 ax| =
“x_~h |
(o] o .
lo 10
10 log,, (2h) + y '+-——g—f———§_61 + 90 72+£6"
10 o 200 L=z -5 60

Both these formulae neglect fourth order terms and it must be
remembered that they are not valid for 6> 10 even if all other
differences vanish, However, while they are useful for precise
numerical integration, a formula sufficiently accurate for most
purposes is obtained by dropping all the difference terms in the
second form, and it is recommended that this be used in practice.
The error of this approximation will be less than 0.1 db provided

& is less than a2bout 1 db; note that this § is for an interval of h
while the ordinate is only taken at interval 2h where a dlfferpnce
of about 2 db could be tolerated.

When evaluating an integral over a long range this formula
gives the contribution to each sub-range as the db valuc at the
centre plus the sub-range length in db. Although these contribu-
tions cannot be added directly because they are in logarithmic form,
the db value of the sum can readily be found using a table of
addition logarithms. These are defined by

log (a2 + b) = greater of (log a, log'b) + add log |log a - log b|

where greater means algebraically greator, Tables of addition
logarithms are given, for example, in iiilne-Thomas and Comrie (1931)
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but for limited accuracy the critical table given in the Appendix to
this note will be adequate. This table is for use with decibels,
so that if D, and Dy are two powers expressed in decibels the db
valuc of the sum of the gowers Dayp is given by

'Dg,p, = greater of (Da, Dy) + add db|D, - Dy

The 'add db' is a function of the power ratio and the table is
arranged so that for any power ratio between two tabular values of
this quantity the appropriate value of 'add db' is also on the level
between them, The 'add db' for a tabular value of power ratio is
the higher of the alternatives - in critical cases ascend. Because
of the rapid decrease of 'add db' as the power ratio increases, the
integrals over sub-ranges need not be calculated so accurately when
they are small compared with the total integral. For example an
error of -1 db in an increment which is 10 db down on the total will
produce an error of only 0.1 db; this relaxes the limit on & to

5 db.

3., Numerical BExample

To illustrate the usc of the method without differences, the
following table shows the evaluation of

s A
- sin'x
10 log1O \ 7 dx

< x ‘]

(o)
given the integrand in dbs for x = n/10, 3%/10 ... 9x/10 so that
2. = n/5 and 10 logyg (2h) = - 2,02,  This correction for the
interval length has here been made in the sub-range contributions,
but is more conveniently added on at the end after 'adding' the
function values,

x+1/10 %+ /10
1L L4 . r
x (sin'x)/x working \
“x-x/10 ~o
(db) (av) ' (db)
0.1%x  -0,28 -2, 30 -2,30
0.5% 2.6 -4,66 -2,30 + add dblL.66 - 2.30| = -0. 30
0.5n  -7.84 -9.86 -0.30 + add dbl9.86 - 0.30l = 0.20
0.7v -17.36 -19.38 0.20 + add dbl19.38 + 0,20/ = 0. 20
0.9%  ~38.45 ~40. 47 0.20
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The corrcct value of the integral is 0,19 and this result may
be obtained at the same intcrval by using more accurate values of
the add dbs.

L, Togarithmic independent variable

When the function is to be integrated over a wide range of the
independent varisble it may be more convenient to express the latter
also in logarithmic form, Alternatively the function may be given
numerically at equal intervals in the logarithm of thc¢ independent
variable - possibly at octave intervals. To find

b
10 log 109/ 104
10

given y at equal intervals of
w = 10 loglox

the integral is transformed by this substitution giving

r 10 loglob
o i log e 10 g (y+w)/10
1 loglo L 10 . 10 dw|{ =
10 logjpa
Dy (y+w)/10
-6,37784 + 10 loglo \g 10 dwI
D, -

This integral can be evaluated as described earlier treating (y+w)
as the dependent variable given at c¢qual intervals of the independent

variable w,
5 References
Jacchia, L., Math. Tables Aids Comput. 9, 63 (1955).

Milne-Thomson, L.M., and Comrie, L.J., Standard Four-Figure
liathematical Tables (Macmillan, 1931).
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Appendix

CRITICAL TABLE OF ADDITION DECIBELS

Power ratio
in dbs

0.
0.12

0. 32

0.53
0.75
0,97
1.20
1.43
1.68
1.93
2,19
2, L6
2, 7k
3.0k
535
3.67
.01
4. 38
4,76
5.18
5. 63
6.11

Add dbs

3.0
2.9
2.8
2.7
2,6
2.5
2.4
2.3
2.2
2.1
2.0
1.9
1.8
1.7
L6
15
Ly
13

1.1

1.0

Power ratio

in dbs

=41 -

5.63
6.11
6.65
7.2k
7.92
8.69
9.6
10.7
12.2
4.5
19.3

15.9
16,7
17.9
19.3
21
26

£dd dbs

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

0,10
0.08
0. 06
0. 0L

0,02



",.... they look upon these things as Talcs and Fancics,
and will tcll you that the Giasses do but delude your Eycs with
vain Images; eand even when they thcmsplves consult their own
Bycsight in the Usc of thesc Tubecs, the NARROWNESS OF THEIR

MIND is such, that they will scarcc belicve thelr Schnses when

they dictate Ideas so new and strange."

Iscac Watts

16741748
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/
FRIQUTINCY R7SIONST /ND RZSOLUTION OF DISPL.YS

by P. D. Boardman
1. Introduction

It has long been known that the information available in any
display system is directly relatcd to the resolving power of its
constituent components, e.g. lenses, cathode ray tubes, etc, Some
of th:e earliest work on the resolving power of optical systems was
rcported in 1834 by Airy who discusscd the fundamental limit in
resolution duc to the finite aperture and this was later studied in
greater detaill by Rayleigh from the point of view of the ability of
an astroncmical telescope to resolve two acjacent stars, This led
to a theoretical study of the naturc of the image of an ‘isolated
star and the way in which the images of two stars (regarded as self-
luminous points) combine. Any practical work, however, underlined
the difficulty of determining accurately at what scparation two stars
Just resolved, As Rayleigh remarks "a definite 1limit to an operation
such as visual resolution (involving in some degree a mental judge-
ment) is, of course, not to be expected",  Purthermore the limiting
resolution of cach component of a display system is not sufficient
to define the resolution of the whole system consisting of several
such componcnts.  For example in a television system the camera,
lens and cathode ray tube all degradc the sharpness of the final
picture and it is not usually possible or even desirable to ensure
that the rcsolving power of all the components except one is markedly
grcater than the resolving power of that one, Some means is
required of defining the resolution of the individual components of
a display in such a way that they can be combined to give the
resolution of the whole system.

In a papcr on the resolving power of microscopes Rayleighl
extends the study of the image of two points to that of a self-
luminous grating.  He showed that as the spacing was decreascd the
contrast in the image also decreascd and the relation between con-
trast and frequency (the reciprocal of the spacing) was an accurate
and gquantitative measurc of resolution. The usc of frequency
rcsponse to definc the resolution of a system is gquite familiar in
elcctronic circuits, as, for example, the bandwidth of a radar
determincs its rangc resolution, A similar conccpt can be applied
to display components, A frequency responsc can be defined
analogous to that of a lincar filtcr and with certain limitations
can be uscd in a similar way, €.g. the frequency responsc of the
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wholc system is the product of the frequency rosponsses of individual
components, The method is applicable to television and film scann-
ing systems, airborne surveillance and reconnaissance radars,
line~scan re¢connaissance, radio astronomy and to any system which
attempts to produce as faithfully as possiblc a represcntation of
analogue data of high information content,

The purpose of this articlc is to draw attention to the work
which has already becn done in this ficld notably by Schade in the
U,8. and to describe briefly some rccent contributions in this
country, £11 th-t follows can be found in grecater detail in the
litcrature and it is hoped that the rofercnces listed will provide
a convenient if not comprchensive introduction to the subject,

2. Frcguency Response

Considcr the factors which determine the sharpness of a
television picture. The tolevision system attempts to produce on
the tubc face the light distribution in the obJject scene as faith-
fully as possible. In practice, the imperfect resolving power of
the various components of the system, camera, transmitting circuits,
receiving circuits, cathode ray tube, destroys some of the fine
detail, cdges become less sharp and adjacent features merge. In
particular an isolated light source of infinitesimal dimensions in
tiic object scenc produces on thic tube facc a spot of light of
finite extent., The distribution of light intcnsity in this spot
charactcriscs the resolution of the system; the smaller the spot
the better the definition and the sharper the picture,

" To deveclop the theory further we must make the assumption that
the system is linecar in the scnsc that if thore are two adjacent
isolated light sources in the obJjcct scene the light distrdibution
on the tube is the sum of the light distributions cach would produce
separatcly, Since this will only apply to smell changes in light
intensity the theory is limited to an object scene of low rclative
contrast, This is clcarly a limitation in its application.

Making this assumption, let G(y) be the light distribution on
the tube facc producced by an isolatced small light source at x = O
in thc object scene, and A(x) be the light distribution along onc
line of thc object scene, Then the resulting light distribution
on the tube facc duc to the object scenc is

+00

B(y) = | A(x) 6(y - x) ax (1)

Now any waveform in time can also be described by its complex
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frequency spcectrum, In a similar way wec can describe the variation
of light intensity with distance along the line by a spectrum of
'spatial' frejuency-componcnts. Thus, if we denote spatial frequency
by s, thc spectrum of the object scenc is

a(s) = i A(x) exp (j2rsx) dx (2)

~

-0

(The interpretation of the term 'spatial froquency' should present no
difficulty, For example, I = sin 2gxsx rcpresents a sinusoidal
distribution of intensity having s periods per unit length), The
output light distribution also has a frequency spectrum defined by

b(s) = Y B(y) exp (j2rsy) dy (3)

N\
—-00

The frequency response g(s) of the system can now be defined by
analogy with linecar filter thcory by

b(s) = g(s) . a(s) (4)

It must be cmphasised that for g(s) to have any usecful
propertics the system must be linecar in the sense discussed above,
Then, again by analogy with filter theory, it will be evident that
the frequoency response of the whole system is the product of the
frequency responscs of the various components of the system. It
will thus be possible to estimate the effect on the resolution of the
system of improving or degrading the resolving power of any one
component., ’

In geﬂeral the frequency response g(s) of a display component
shows a low-pass characteristic (FPig. 1) having the value unity at
low spatial frequencies and falling to zero at high frequencies,

The introduction of such a component into a display will have two
prime effects on picture quality. Firstly the picture is less
sharp, since¢ the high frequency components in an edge are eliminated,
Secondly it will improve picturc quality by increasing the signal/
noisc¢ ratio if tho spatial frequency components in the noise are of
wider bandwidth than the signal. Noisc is introduced into displays
by components having a grainy structure, such as film emulsion or
the phosphor of a cathode ray tube, In most cathode ray tubes the
spot sizc is the limiting factor in resolution and the finite width
of the clectron beam integrates the noise introduced by the phosphor;

- 45 -



consequently a rcduction in spot'size results in higher resolution
but a wider bandwidth of noise due to phosphor grain. In a scries

9(s)

SPATIAL FREQUENCY

Figure 1  Spatial frequency response of a cathode ray tube
of papcrs Schadez’3 studics in detail the frequency response of
various forms of limiting aperture including the electron hecam in a
cathode ray tube, making some assumptions about the light distribution
across a stationary spot. He estimates the effects of these
apertures on signal/noisc, grainincss and picture quality in
television and film scanning systems.,  Cameras, optical lcnses,
cathode ray tubes, films and so on are examined and techniques for
aperture correction arc discussed.

To simplify the assessment of the overall resolution of a
system Schade describes the characteristics of a component by an
tcquivalent pass-band' analogous to the noise bandwidth of a lincar
filter. This has obvious applications to the study of graininess.
The equivalent pass~band is

»CD 2 . .
N, :3 | g(s)| “as (5)

If the frequency response of a component is half—Gaussian, i.c.
2, 2 |
g(s) = exp (-s/207) (s> 0)

the equivalent pass-band is FoV e If the frequency rcsponses of
the scvéral componcnts of a system can be representcd by half-
Gaussian shapes with, in general, different values for o, the
frecquency response of the whole system is also half-Gaussian with
total 0 given by
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1/62 = (1%;12) + (1%&22) Foaan

It is cvident, thorefore, that the equivalent pass-band Ny of the
system is’ given by

N2 = (%) (WD) e e AP (6)

where N, N_ .., N_arc the cquivalcnt pass-bands of the individual

1 2 r components, In practice the shape of the
frequency responsc of most components docs approximate to half-
Gaussian, particularly at low frequencies. and this is a uscful
method of assessing quantitatively the effect on the system of a
change in resolution of a component,

3. Freguency Response of Components

We shall now turn to the problem of obtaining a measure of the
frequency response of some of the components we have boen consider-
ing. In rccent years some work has been donc on thc measurcmcnt
of optical systems and cathode ray tubes and this is outlined
briefly below,

Two principal mcthods are used, The first is similar to that
used in measuring the frequency response of linear filters, and is
to mcasure the amplitude and phase of the output of the componcnt
for a sinusoidal input of constant amplitude and variablc frequency.
The difficulty with this method usually lies in providing the
sinusoidal input in a convenient and practical form, Thce scecond
method depends on the property that the frequency response is the
Fourier Transform of the response to a unit impulse or delta
function. For example in equation (2), if A(x) is a delta function
at the origin, a(s) is unity. Substituting then in cquation ()
gives g(s) = b(s). With this method the input generally presents
few problems, but the measurement of the responsc to a sufficiently
high accuracy is often difficult and calls for high stability in the
operation of thc cquipment and the measuring gear.

(i) Optical Systems

The gquality of an optical system is usually definced in terms of
its aberration function. In Fig., 2 a point in the objcect planc is
focussed by thc optical system at a point P in the image plane,

The wavefront cmcrging from the lens will in general not coincide
with the sphcre centred on P owing to the imperfections of the lens;
the distancc between the practical wavefront and the idcal one is
the aberration, This is usually expressed as a function W(x,y) of
the pupil co-ordinates (x,y). The skill in lens design consists of
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adjusting thc various parameters, radii of curvature, rcfractive
indices and clcment spacing, to minimise W(x,y).

-

Figure 2  Aberrated vavefront from a lens

HopkinsA has c¢volved an ¢legant method of calculating the
frequency response of a lens from the aberration function W(x,y).
The response is expressed in terms of a normalised spatial frcequency
s defincd by

s = A\R/sin a (7)

where R = spatial frequency of object in cycles
per unit length

A = wavelength of the light

a = angular semi aperture subtended by the
optical system at the object '

assuming that there is no loss of light in passing through the lens

and that it has a circular pupil of unit radius, Hopkins shows that
the frequency response g(s) is proportional to

&S exp (2rjAA ) dx dy (é)

where A = W(x+3s,y)-Wx-2s,5)

and x,y arc the coordinates in the pupil, The proportionality
factor is chosen to make g(0) = 1. - Since the transmission of the

lens is zero outsidc the pupil |z| =1(z =x + jy), the area of
integration reduccs to that common to the two circles |z ~ 3s| =1
and |z + %s' = 1. This dccreases as s increases and is zero for

s greatcr than 2, which sets a theoretical upper limit to the band-
width of the system,
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The frequency response g (s) of an aberration-frec lens of
finite aperturc is obtained from equation (8) by writing W(x,y) = O
over the area of intcgration. Fig., 3 is a plot of go(s). In a
practical lens thce frequency response isfurther reduced by

9,(8)

o 1 Il 1 i 1 i i ol .
o] -2 -4 -6 -8 10 r2 -4 16 8 20
NORMALISED SPATIAL FREQUENCY (S)

Frequency 3  Fpequency response of aberratior=free circular lens

aberrations and Hopkins5 shows how to calculatc the further
rcduction in response due to defocussing, spherical aberration and
astigmatism, To the equipment designer, who has little or no
control over the resolution of his lens beyond careful selection
from g shelf, defocussing is his main source of worry. Hopkins
shows that for an otherwise aberration-free system the maximum axial
displacement (8z) of the focal plane such that the response is not
less than 0.8 of its value g (s) when properly focussed is given to

a closc approximation by

3z = + 0.2/(R sin a) : (9)

The theoretical work of Hopkins on the effcect of defocussing
an optical systcm of high quality has largely becn confirmed by
measurcments by Goodbody (as yet ugpublished). The apparatus uscd
is described in outline by Hopkins~™ and is basically a shear
interferometer (Fig. 4). L is the lens under test illuminatcd by
an object linc source; D is a half-silvered mirror; M and P are
corner-cube mirrors capable of lateral motion. Interference takes
place at ER' between the aberrated wavefront via M and that via P,
Hopkins shows that the total light intensity falling on RWE' measurcs
the responsc of the system to a spatial frequency determined by the
latoral movements of the mirrors M and P from a mean position.
Since the operation of the device depends upon the relative path
diffcerences in terms of optical wavelengths betwcen rays travelling
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via M and via P, very precise movement of the mirrors is required
together with a complcte absence of vibration in the system, A
further difficulty is that the object linc source must, of course,
b¢ monochromatic in the optical sense, Although an invaluable
roscarch tool the apparatus is not likely to find application in
the practical measurement of lens performance,

Figure L, Shear interferometer for measuring spatial frequency response of a lens

£ morc straightforward method of obtaining the frequency
rcsponse of a lens is described by Sproson! of B,B.C. Research Labs,
This uses thc delta fuinction input method, A brightly illuminated
narrow slit of light is the object of the lens under test and the
light intensity in the image is scanned by a second slit of effective
width much less than that of the image, The light output from the
scanning slit is measured by a photocell and recorded. As we have
seen, the frequency responsc¢ is obtained by calculating the Fourier
Transform of this record. The apparatus is bulky and demands a
high degrce of mechanical rigidity and accurate movement of the
scanning slit, It has the advantage over the interferometer method
that if the lens under test is well colour-corrected the source is
not required to be monochromatic, Naish at R.A.E, has pointed out
that the computation of the froquency response can be carried out
directly by multiplying the output from the photocell by sin 2rsx
and cos 2rsX in sin and cos potcntiometcers whose shafts are geared
to the movecment of the scanning slit. The image must be rescanned,
of course, for each spatial frequency, s.
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‘There scems littlce doubt that the frequency responsc of an
optical system can be measured more simply by an object formed by a
filter whose transmission varies sinusoidally in space when illuminated
by a parallel light beam, To the author's knowledge such a light
filter has not yet been realised practically. A cathode ray tube
with a stationary sinusoidal line trace may provide a suitable
object if a tube of sufficiently high resolution can be obtained,
although difficulty will be expcrienced in obtaining the phase
characteristic of the frequency response,

(ii) Cathode Ray Tubecs

In the past the resolution of cathodc ray tubes has usually
been defined in terms of spot width or line width or by a 'shrinking
raster' technique to obtain the limiting frequency. These methods
are often very subjective and inaccurate, Recently Gill® has
developed at R,R.E., an electronic method of measuring the frequency
response of a cathode ray tubc which is both objective and accurate,
Fig. 5 is a block diagram of the apparatus, A sine-wave modulated

S
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PHOTOMULTIPLIER

PHASE -
CORRECTION
ERROR
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Mlxgg;J-.—fureenxnmﬁJ
1 Kc/s 30 ¢/s
|ch| AMP. I I Mmgf;h%;{g;mn
c/s

.

PULSES MIXEHEGRATCRI—@
ouTPUT
METER,

Figure B  Apparatus for measuring spatial

frequency=response of a cathode ray tube
line pattern is made to drift across the face of the tube, a narrow
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|

|
slice of which is examined by a slit and a photocell, The pulses
received by the photocell are mcdulated at the drift rate (30 q/s%/
of the sine wave pattern and the modulation depth is a measure of
the response of thetube to the spatial frequency of that sine wave
pattern, The spatial freguency in this equipment is selected by
adjusting the scan speed of the trace, It will be seen (Fig. 5)
that the low freguency (30 ¢/s) modulation is phase detected with a
reference to give improved signal/moise ratio for work at low
brightness levels, In a high resolution tube very high stability
of the puwer supplies to the tube are required to maintain the sine
wave pattern in its correct position to a small fraction of the
spatial wavelength being measured. (In practice this implies a
small fraction of the spot size,) To overcome this difficulty a
servo is used on the position of the trace using information derived
from the output modulation after phase detection with a quadrature
reference. This, of course, discards any infomrmation on the phase
of the freguency response but in most cases this is justified since
the spot when properly focussed is syumetrical and its spectrum is
thus entirely real.
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" The freguency response of several tubes under different
operating conditions has been measured with this apparatus. In
particular the effect of variation of focus field and of deflection
defocussing are shown in Figs. 6 and 7. In Fig, 6 the bandwidth
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Figure 7 Effect of deflexion on resolution

for correct focus current (curve a) will be determined by sberrations
in the electron lens and also possibly by the finite size of the
grain of the emulsion. Curves b anc ¢ show the reduction in band-
width cdue to a combination of the above aberrations and defocussing.
The focal length of an electron lens is known to be inversely
prozortional to the square of the focus current? and simple lens
theory shows that, in a system in which the aberration is entirely
due to defocussing, the spot size of a defocussed image is propor-
tional to the change in focal length, Thus the bandwidth of an
aberration-free system should be inversely proportional to the
fractional change in focus current. Now the defocussed spot can be
regarded as the convolution of the focussed spot with that obtained
by defocussing a perfect point spot. The frequency responses are
therefore multiplicative and assuming that the curves are approxi-
mately half-Gaussian, the principles of equation (6) will hold,
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Using an obvious notation, the bandwidth o, ' of a perfect system
defocussed by an amount corresponding to a half per cent change in
focus current will be given by

(V)2 = (o) - (1o,

Prom curves a and b we find

)2

138 cycles/cm

o, =
oy = 5£ cycles/cm
7

and hence

Gb' = 106 cycles/cm
Similarly

o' = 54 cycles/em

c

and it is evident that the bandwidth is inversley proportional to
the fractional change in focus current, as predicted.

In its present form Gill's apparatus is not suitable for the
measurement of long after—gloyotubes and a more direct method
appears necessary. Ciuciura™ has described an apparatus which
measures the light distribution across a stationary line, a method
analogous to that of Sproson for optical lenses, A very high order
of electrical and mechanical stability is rcquired but the designer
claims that an accuracy of plus and minus three per cent has bezn
achieved on relatively low resolution tubes. Its performance on
the higher resolution tubes measured on Gill's apparatus is not

known,

To the author's knowledge no attempt has yet been made to
relate the frequency response to the aberrations of an electron lens
in the way applied to optical systems by Hopkins and some work
requires to be done here,

(iii) Aerial Polar Diagram

In surveillance radars and in radio-astronomy a limiting
factor in the resolution of the system can be the polar diagram of
the acrial, TFor example, as the aerial beam of a radar system
scans a point reflector on the ground, the echoes are modulated by
the square of the polar diagram and this in turn is converted by the
display to a function G(y) of the display co-ordinates y in the
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direction perpendicular to that representing the beam. The Fourier
Transform g(s) of this function will define the frequency response
of the whole system. If the display resolution is sufficiently
high g(s) will define the frequency response of the acrial polar
diagram in the relevant co-ordinates,

Assuming a linear amplitude distribution across the aperture of
the aerial, the polar diagram is approximately
‘ sin ﬂX)

sinc (L&/A) (sinc x = =

where L is the width of the aperture. At a slant range R, the
display co-ordinate is related to the angle € by y = Re. Hence,
since the polar diagram enters twice into the equation,

G(y) = sinc® (Ly/RM) (10)

In practice it is often more convenient to express the polar diagram
as an approximation to a Gaussian function

exp (- 6%/28°)
Then

a(y) = exp(-y%/2t?) (11)
where

r%B2 = 2v°

The normalised frequency response is then

g(s) .

exp(—sz/Zoz) (s> o)

where
2% = 1.

Referring to (10) it is easy to show that the shape of the beam
near the centre approximates to (11) where

.Y = [ 3R/l
J 2

Thus the frequency response is
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exo(~s2/26°)

6]
—~
42}
~

I

where

(L/V6)R

Q
1

4,  Sharpening Tcchnigues

The possibility of defining the resolution of a componznt in a
linear system by means of its frequency response simplifies, in
theory, the probiem of deducing the input distribution from the
obscrved output. We have seen (equations 1 = 4) that if A(x) is
the input distribution with complex spectrum a(s) and if g(s) is
the frequency response of the system, then the Fourier Transform
b(s) of the observed output B(y) is

b(s) g(s). a(s)

=
-
o
&

a(s) b(s)/g(s) (12)

In applications to radio-astronomy, where the input distribution
4(x) is relatively simple and time can be spent analysing the output
distribution B(y) this meth8d ?as some uses, A comprchensive
discussion is given by Burr 11 who also considers the uniqucness of

he solution. However, in most applications, e.g. television,
surveillance radar or reconnaissance, the output distribution is
very complicated and the task of computing its Fourier Transform
pronibitive.

In an attempt to overcome these difficulties Gouriet12
proposes a method based on operations on the output waveform, If
we can assume that at low frequencies the system response can be
expressed approximately by

2 -
g(s) = (1+gp+gp +...+g,0)"
where p = j2rs, then the input A(x) is given by
2 r
d d a
Aflx) = (1 + —— 4 go ™= 4 ees + =—) B(x).
%) ( g1 ax 2 2 €n dxr) (x)

In a television or radar system the co-ordinate x in the direction
of the timebase scan is proportional to time so that derivatives
with respect to x can be carried out with respect to time in an
electronic circuit.,  In practice Gouriet found that for television,

\

- 56 -



derivatives highcr than the fourth are not usually required and
useful sharpening of the picture can be obtained by usc of the
1st, 2nd and 3rd order derivatives,

Ra.tcl'iffel3 points out that the amount of sharpening which can
be achieved is limited fundamentally by the fact that frequencies
which have been removed by the limiting component cannot be
reintroduced uniquely into the spectrum. In equation (12) if g(s)
is zero at some frequency, a(s) is indeterminate, A further
practical limit is determined by the signal/noisc ratio in the
output, For example, Ratcliffe shows that if the frequency
response of the system is half-Gaussian,

g(s) = oxp(-s%/26%),

a gain in rcsolution of 1,6 times can in theory be achieved but at
the expense of a loss of 23 db is signal/noise ratio. This clearly
puts a severe limitation on the applications of these sharpening
tecaniques, ‘

In conclusion it is verhaps worth mentioning a subjective
experiment carried out by Sproson™* who invited a team of observers
to estimate the relative sharpness of television pictures which had
been degraded by certain low pass filters. The filters were of
two basic types, one having a purely real frequency response to
simulate a well-focussed cathode ray tube with a circular spot, the
other having a non-zero phase component in the frequency response,
e.g. an clectrical lag. Sproson's conclusions were that the
subjective sharpness correlated well with the bandwidth of the
filter and that, for components and circuits having the same band-
width, the distortion produced by non-phase shifting components
(c.g. a cathode ray tube) is more acceptable to the eye than that of
an elcctronic circuit which produces phase shift,

5. Conéluqigg

The resolution of a line.r display systcm can be defined by
its response to varying spatial frequencies, This will be deter-
mined by the freguency response of its individual components.

Methods have becn evolved of defining and measuring the
frequency response of an optical system and rclating it to the
aberration function. A method of measuring the frequency response
of a cathode ray tube has also been developed.

Provided the signal/noise ratio in the output is adequate some
picture sharpening can be achieved using the frequency response of
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the system, This is probably more applicablc to radio-astronomy than
to television and radar applications.
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"There are many other things releting to LECHANICAL
EXPERIIENTS, and to the Properties of the fir, Water, Fire,
Iron, the Loadstone, and other ilincrals and lictels, as well
as the Doctrine of the sensible Qualities, viz. Colours,
Sounds, Tastes, etc. which this Rank of Men cannot bé_licve
for want of a greater AMLITUDE OF MIND.

The best way to convince them, is by giving theu. some
Lcquaintance with the VI;RIOUS EXPERTIENTS in Philosophy, and
proving by OCCUL.R DEMONSTRATION the multiform and amnzing
Opcrations of the (IR FU.P, the LO/DSTONE, the CHENICAL
FURN;"*CE. , OPTICAL GLASSES, end HECHINICAL ENGINES, By this
means the Understanding will stretch itself by Degrees, aond
when they have found there arc so wany new and strange Things
that arc most evidently true, they will not bec so forward to
conde.n every ncw Proposition in any of the other Sciznces,
or in the .iffairs of Religion or civil Lifed

Isaac Tatts

167241743
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! TH.N FERROMAGNETIC FIIMS

by A, C. Moore

Summary  This article gives an account of the work at RRE on the
preparation ond properties of thin ferromagnetic films, The work
provides the prospect of a computer store in which a million bits
would occupy less than an eighteen inch cube, and which would possess
a switching time faster than twenty milli-microsetonds, The store
woul d be cheap anc. easily constructed,

- List of Symbols -

B magnetic induction.

Bgyat maximum value of B at saturation.

Brem value of B when H is reduced to zero.

H field,

H, coercive field,

i applied field.

happ 2P

t time,

-ts time for magnetization to change., (Usually time for
GB/dt to pass from 10% of its max, value through maximum end
then back to its 10% value, For fast switching, timing

.should start at the commencement of the field pulse,
Some American workers use time for dB/dt to pass between
% mex. value points, which gives faster times.)

M intensity of magnetization.

Mg saturation intensity of magnetization.

d a critical dimension of the specimen.

oe oersteds,

usec 10-6 seconds,
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muysec 10"9 seconds.

o micron 1074 cm.

A% angstrom unit lO"8 cm,

Y gyromagnetic ratio,

o electrical conductivity.
A exchange energy (spins).
K anisotropy energy.

Kn anisotropy constant.

I free energy.

Fk magneto crystalline energy.
8 magnetostrictive constant.
P uniaxial tension,

Ni Nickel,

Fe Iron,

a damping factor,

Part I - General Survey

1. Introduction

Amongst the many devices which are needed in the construction
of a modern digital computer, one which plays a very large part in
determining the design is the high speed storage element. The
specification of this element calls for (1) two well defined states
which do not need power to maintain them and are therefore retained
during a power failure, (2) a means of detecting rapidly in which
state the element is, (3) a means of switching rapidly from one
state to the other and (4) a well defined switching threshold to
ensble some form of X-Y coordinate system to be used. From the
commercial point of view the question of cost is also important
when a store consisting of a million bits or more may be under
consideration; and in a store this size the cost includes not only
that of the fundamental element, but also the cost of knitting it
into a complete store,
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7 One very obvious class that fulfils all the reguirements of the
storage element defined above is that of those ferromagnetic or

ferrimagnetic materials which possess a rectangular hysteresis loop
(see Fig. 1), Elements which possess the characteristics shown in

B MAGNETIC INDUCTION
STATE |
Brem Boar
He
—H_ o .
H MAGNETIC FIELD
STATE 2

Figure 1  Ideal hysteresis 1loop
the figure are well on their way to satisfying the requirements of
the storage element, In the absence of an applied field, states 1
and 2 are well defined and are maintained indefinitely.  Which
state the element is in can be detected by applying (say) a positive
field for a sufficient length of time, and observing whether there is
any change in the magnetic flux in the element. If it was in state
1 no change would ideally be observed; if in state 2, a change
equal to twice the prcduct of the cross sectional area of the
element and the remanent value of the magnetic induction would be
obtained, The element can be returned to state 2 by applying a
field in the reverse direction of magnitude greater than the
coercive field, Hc’ for a suitable time, It is also possible to
detect the state of magnetization by applying a large pulse of
magnetic field for a time too short to change the magnetization of
the specimen permanently, If the element is being driven further
towards saturation, a smaller output is cbtained than if it is being
driven towards the knee of the B~H curve, This for obvious reasons
is called non-destructive readout, '
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The existence of a well defined coercive force with a sharp
transition from one state to the other also allows 'coincident
current! working to be used, Strictly this should be called

'coincident field'. A field H less than H, will not change the
magnetization of the element. 8%6 greater, say 2H, oo will do so
if 2H, .., exceeds H.. Therefore two field-producing controls can

app " -
be app{ied to zach element and action occurs only if both are
energised, each producing a field 5app in the same direction such
4o
that ZH,< Happ { He.

The one physical factor which has not so far been mentioned is
the speed of the transition from one state to tize other. The ~rder
of speed of change-over in a field of 2H, for meterials im curcent
use 1s about 1 usec but a fuller discussion of gwitching times will
be reserved until later, This speed is too slow for proposed
future computers, and the cbject of most of the thin film work is to
overcome this limitation.

Finally there is the qguestion of cost of the element and of the
fabrication of a store. Small ferrite rings are the most popular
high speed storage elements in vresent use, The cost per ring plus
the cost of threading at least four wires through each core in a
pre-arranged pattern works out at about 10d/bit. i megabit store
will therefore cost over £40,000 without any of its associated
circuits. Larger stores will cost more in proportion, and there
is obviously room for economy here, It must be pointed out that
the computer programmer is never satisfied with the amount of
storage provided, He always wants more, and prefers to have it in
a simple high speed form in which he can reach any bit of it in the
same short time, For this reason large stores of the magnetic drum
or tape variety are not adzsquate for high speed working. The time
taken to abstract information from a serial store of these latter
izinds can be guite long, although they may serve a useful purpose
as a backing-up store, especially if thelr use can be foreseen and
good arrangements made to transfer the relevant information into a
high speed store. )

2. Switching speed of magnetic elements

The change of magnetization in a conducting ferromagnet is in
general accompanied by the induction of eddy currents following a
well known law of Nature - resistance to change, In bulk materials
these effects can be calculated from the classical equations of
electromagnetism for a given shape and size of specimen, making
various assumptions as to the continuous déistribution of nagnetiza-
tion throughout the specimen, a constant value of permeability, and
SO on. In general the eguations give the time for switching tg as
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an expression of the form
i 22 g
ty = Collgd”/(H-H,)

where ¢ is éhe electrical conductivity, C depends on the shape, 4 is
a critical dimension of the specimen, Mg the intensity of magnetiza-
tion, H-H, the applied excess field over a critical value H, (below
which no change takes place). It follows for example, that in
thin sheets of material when the change in magnetization takes place
from one surface to the other through the thin direction of the sheet
that the time for complete change of magnetization with a given
excess field is much reduced by thinning the sheet, This is a well
known fact in the design of transfommers. Unfortunately at thick-
nesses below 10y in many metallic ferromagnetic materials the
equation breaks down, and for a given excess field a constant time
of' changeover is obtained, independent of thickness. The limit of
(H-Hg )ty is approximately 1/L usec. oe.

The reason for this failure must lie in one of the assumptions
used to derive the equations; the assumption of a homogenous
permeability is at fault. The ¥eiss theory of ferro-magnetism
postulates quite large domains in which the direction of the
elementary ‘atomic' magnets all interact and point in the same
preferred direction, This direction is one of a few chosen by the
anisotropy of the material, Tach domain is separated from its
neighbour, whose magnetization points in a different direction, by a
'domain wall' which is of finite thickness. This thickness is
determined by the balance between the energy of the exchange inter-
action between adjacent atomic magnets and the anisotropy energy of
the material i.e. that energy which tends to keep the magnetization
in the preferred directions in the material. The thickness-is of
the order of a few thousand A° in permalloy (80% Ni 20% Fe)., The
material may be pictured. as in Fig. 2. We can see that change of

-
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magnetization may take place in two distinct ways. In one, each
domain rotates as a whole into line with the field against the
anisotropy of the material and in the second, a domain pointing
roughly in the direction of the applied field grows at the expense
of its neighbour by domain wall movement.

The first case, that of domain rotation (but without anisotropy),
was implicitly assumed in taking a uniform permeability throughout
the material, As for the second case, it can be shown that in a
thick slab of conducting material the motion of a domain wall is
again limited by eddy current losses and the equation for the time
of switching for a thick sheet, using the model of one or two
domain walls sweeping through it, is of exactly the same form as the
classical equation quoted above. In metallic films less than a few
microns thick, however, and in ferrites, macroscopic eddy currents
do not limit domain wall velocities and the product of ty and H-Hg
is found to be either a constant, or proportional to d as in bulk
ferrites. The limitation in domain wall velocity arises from some
other factor such as the interaction between the elementary magnets
and the crystal lattice,

Similar effects in the study of ferromagnetic resonance give
rise to line broadening and a popular pastime at present is to
relate the two effects by a simple equation of motion of the
magnetic vector with an arbitrary damping term. The first and most
popular equation is that of Landau and Lifshitz

au/at = yT - oM x /]2 |2

where
M = magnetic vector
T = torque, typically M x H in-a simple case
y = gyromagnetic ratio
a = damping factor

One is often left with some arbitrary constant; the number of
domain walls in the switching problem, This can be adjusted to
give the right answers.

In all cases so far mentioned change of magnetization has taken
place by a domain wall motion, or its equivalent, through a thin
direction of the specimen, the velocity being limited by eddy
currents in thick metals and some intrinsic mechanism in thin ones
and ferrites, It was pointed out earlier that a domain wall has a
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finite thickness proportional to~/(A/K) where A 1s exchange energy
and K the anisotropy energy. This is of the order of a few
thousand A® in nickel iron. If now we make a film too thin to’
allow domain walls to exist in its thin direction, what happens?

At first it was hoped that the thin film would change its
magnetization by rotation i,e. all the elementary magnets would go
round together in the plane of the film, This is obviously a much
faster mode of operation than the successive changeover which occurs
in domain wall motion. It was in fact found at first that domain
wall motion occurred giving similar speeds of changeover to much
thicker layers and to ferrites, The domain walls nucleated at the
edges of the specimen and at imperfections in the film and spread
across,  Switch constants of tg(H-H,) = 1/3 usec. oe, were obtained.
Under suitable conditions, however, rotation could occur and fast
changeover be obtained.

If it is assumed that rotation of magnetization takes place
uniformly and simultaneously throughout the film, the application
of one of the equations of motion of the magnetic vector gives some
idea of the speeds that ought to be achieved. A number of points
arise, If the reversing field H is exactly opposite to the
magnetization direction no reversing takes place as the system is in
unstable equilibrium (as far as rotational processes are concerned).
Some foxm of misalignment or cross field or lack of uniformity in
the direction of magnetization of the specimen is necessary to start
the motion. If the misalignment is small a long induction period
may occur before switching apparently starts, If the torque to change
the magnetization M x (H - H, ) is perpendicular to the plane of the
film it is only after a small movement of M in that direction (which
is opposed by the demagnetizing field of the thin film in that
direction) that switching round takes place, If this movement is
neglected, switch times in a small field of the order.of one milli-
microsecpnd are expected - using values for the damping factor
derived from magnetic resonance experiments, If the initial motion
is taken into account, changeover times of 5-10 m ysec, are forecast.
It is perhaps relevant to point out that the damping factor
apparently varies somewhat with frequency and the switch times are
very sensitive to its wvalue, Furthermore some recent experimental
evidence suggests that M is not conserved and that the magnetic film
separates into distinct regions which rotate independently of each
other, The significance of this model is not apparent.

3. Thin film properties and switching by rotation

Obviously the film must be sufficiently thin to prevent domain
walls moving in the thin direction, as this gives the easiest mode
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of changeover and would have the lowest coercive force., Next, the
coercive force for domain wall motion across the film must be as high
as possible, and finally the coercive force for magnetic rotation
must be made as low as possible, preferably less than that for domain
wall motion if that can be achieved.

The first condition can be realized by using material with a
low anisotropy and making the film thin enough - for 80-20 nickel
iron the films must be less than 2000 A° thin to be safe. The
second condition is not yet easily controllable, for the theory of
coercive force in magnetic materials has still to be fully worked
out. Kersten has shown the importance of non-magnetic inclusions
in modifying the domain wall energy, particularly at low fields,
whilst Neel has shown the effect of stress centres particularly at
high fields. Both theories require imperfections in the material
of one kind or another, to oppose the motion of the domain walls.

It is indeed suggested that in a perfect crystal (of sufficient

size) no coercivity would be observed as there would be no
impediment to domain wall motion, provided a domain wall could be
formed, or existed for example at the surface. This suggests,
fortunately, that absolute perfection is unwanted. Only experiment
can tell us whether the coercive force for domain wall motion is
sufficiently large. The demagnetizing energy of a domain wall of
this kind increases as the film thickness decreases down to about

500 A, Below that thickness a new form of lower energy wall is
formed. We should therefore make the films as thin as is reasonable
to obtain a detectable output (but greater than 500 A°), as this
increases the domain wall coercivity. Finally there is the question
of rotational coercivity. If domain wall motion is excluded and the
magnetic film exists as a single domain and switches as a whole, in
order to obtain two well defined magnetic states with a sharp
transition threshold between them, the film must have some form of
uniaxial anisotropy. In this preferred direction of magnetization
a rectangular B-H loop will be obtained with coercivity equal to the
rotational coercivity. A&t right angles to it there will be no
remanent magnetization and the slope of B-H will also give a measure
of the rotational coercivity (see Fig. 3).

To show this, consider the static case, M represents the
saturation magnetization, which rotates as a whole and always lies
in the plane of the film, making an angle © with the preferred axis
of magnetization. If K is the anisotropy constant, then for a
field Hg applied along the preferred axis of magnetization the
energy of the system is given by

B = K sinze - HglM cos ©
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The hysteresis loop in the preferred direction is given by

M(cos 6)/Hg and it can be shown by equating to zero the first two

partial derivatives of T with respect to 6 that a reversible flux-
change of 2 takes place when Hg = ZK/M. Similarly when a trans-
verse fiel HT is applied, we have

E = X sin%e - HM sin @

and the hysteresis loop is given by‘M(sin-@)/HT. It can be shown
again by equating partial AE/dB to zero that saturation occurs when
Hp = 2K/M, The results are given in Fig. 3. Incidently from the
combined equation

E = Ksin% - H,cos 6 - Hpll sin 6

the effect of a transverse field on the hysteresis loop in the
preferred direction can be found (for further details see D,0, Smith).

The immediate importance of the constant of anisotropy K can be
seen, Although we require the rotational coercivity to be fairly
small, too small a value could lead to trouble from stray fields
(such as the earth's magnetic field) and from demagnetizing effects.
Too high a value - even if the domain wall coercivity is higher
still = makes it difficult for circuit designers to produce the
required fields economically, Values of the orders of 1 oersted
are a reasonable compromise,

(a) (»)

IN PREFERRED DIRECTION IN HARD DIRECTION

Figure 3 Rotational B/H loops of g material with uniaxial anisotropy

ith films of this coercivity up to 2000 A® thick and more than
1l cm in diameter, demagnetizing effects in the plane of the film are
negligible, although with thicker films an apparent shearing of the
B~H loop will be obtained (see below).
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L, Magnetic Anisotropy

We must next consider the various forms of anisotropy which can
arise in a thin film, As their effects are additive, the greatest
in magnitude will preponderate under a given set of conditions.

From a practical point of view they can be classified as (1) Shape
(2) Crystalline (3) Stress (4) Magnetic Field. There may be others,

(1) Shape Anisotropy If a magnetic body is magnetized in a
given direction then magnetic poles will exist on the surfaces of
the body. The field produced by these poles will tend to neutralize
the applied magnetic field, The demagnetizing field AH is nearly
proportional to the intensity of magnetization M in the desired
direction, The constant proportionality N is called the demagnetiz-
ing factor, N can in general be calculated only for solids of
revolution - infinite planes and similar convenient shapes. It is
tabulated in various places, e,g. Stoner and Osborn,

In general a thin circular disc of diameter 4 and thickness t
would show an isotropic demagnetization factor N approximately equal
to ﬂzt/d in the plane of the disc and a factor N = 4x normal to the
disc. If the film was not symmetrical in its plane this would
introduce an anisotropy into the energy expression. In general for
a thin film of thickness 1000 A® and other dimensions of 1 cm, if
Mgat is 800 e.m.u., max., then AH is approximately 0.1 oe. max, and is
Jjust about negligible. If however the thin film is not continuous
and comprises small islands of magnetic material with a preferred
long direction, then this would cause a troublesome anisotropy.

(2) lMagneto-crystalline anisotropy 1In a single crystal of
magnetic material the energy of magnetization is a minimum along
certain crystal axes, (100) in iron, (111) in nickel. For a cubic
crystal (such as iron and nickel) the magneto-crystalline energy is

K, + Kl(a12a22 + a22a32 + a32a12) + K2a12a22a32 + ees
where ag are the direction cosines referred to the crystal axes.

In poly crystalline materials the effect of crystalline
anisotropy shows up in the approach to saturation of the B-H curve,
Fields of the order of K,/M, are needed to reach 90% saturation.

(3) Magneto-strictive effects The effect of a magnetic
field in changing the dimensions of a magnetic material is well
imown, although the details are somewhat complex. The inverse is
also true, A uniaxial mechanical tension applied to a magnetic
material with a positive coefficient of magnetostriction tends to
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make that direction a preferred axis of magnetization and introduces
a term of the form(3/2\p sin %6 into the expression for the energy,
A being the magnetostriction constant, p the tension, 6 the angle
between M and p. For a negative magnetostriction coefficient, the
preferred direction of magnetization is at right angles to the.
tension. The converse is true of compression. Both the magneto-
crystalline anisotropy and magnetostrictive anisotropy are explained
at present in terms of spin-orbit interactions and are related to
each other,

(4) Magnetic field anisotropy Magnetic materials of certain
compositions, when annealed in a magnetic field, retain the direction
of that field on cooling as a preferred direction of magnetization.
The reason for this phenomenon has not been fully explained in the
case of homogeneous alloys., Suggestions have been made that long
range order, short range order or preferred arrangement of small
amounts of impurities might be responsible for the effect, It does
however offer a prospect of inducing a preferred direction of
magnetization by an external control, provided the other anisotropies
can be subdued.

It would appear that the best hope for producing a thin film
with a controlled preferred direction of magnetization, low
anisotropy and a low coercive force for rotation, is to choose a
material with gzero crystalline anisotropy and zero magaetostrlctlon,
ensure that no shape anisotropy occurs and induce a magnetic
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anisotropy in the chosen direction. Films of the magnetic elements
are ruled out. The only two component alloy approximating to this
requirement is nickel-iron which gives zero magnetOstriction in
polycrystalline material at about 83% Ni 17% Fe and zero magneto-
crystalline anisotropy at about 72% Ni 18% Fe (see Figs. 4, a, b).
To obtain a material in which both the anisotropies are zero at

the same composition, a three-component alloy is needed, but this
introduces more difficulties in controlling its composition in thin
films. Most of the alloys containing nickel show Magnetic field
anisotropy.

Part II - Programme of work at RR®

5. Introduction to Part IT

There now follows a survey of the work at RRE on the prepara-
tion and properties of thin films, This, programme must be viewed
in the light of Part I of this article, and it must be borne in mind
that the work itself is not by any means at a conclusive stage.

It is summarized in the following diagram.

Preparation
o~ ~

/ ~.
\W
“ !
Vacuum evaporation Chemical deposition, pS

near 80/20 Ni Fe alloys Electrolytic deposition Ferrite films

~

v

Heat treatment

Magnetic Measurements

Switch speed Domain studies

B~H loop;
(Anisotropy)

Chemical Measurements

Mean Composition
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Phvsical Measurements
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selected areas of film sheet, High Speed Switching Non Destructive
Domain decoration, of selected areas, read-out
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6. Preparation of films

Some initial experiments by A, S. Young on the direct rolling
of magnetic tape to produce thin layers ceased at about one micron
thinness, After that a lace effect was produced, There is a
prospect of using a sandwich technique similar to that used for
Wollaston wires but this has yet to be proved,

The vacuum evaporation of the magnetic alloy and its deposition
on to a suftable substrate is a far quicker and easier method and
offers the possibility of heing easily adaptable to many different
starting materials with a minimum of trouble, This method has been
used by earlier workers in the field, notably Blois, and has also
been developed at RRE. The basic conception is simple, The chosen
material is placed in an enclosure which is evacuated to a pressure
of about 1075 mm of mercury. It is heated until it starts
evaporating and the material then condenses on any (and all)
convenient surfaces in the Vacuum enclosure in a direct line from
the starting material, The mean free path of N, at 1077 mm is
6.5 metres, so diffusion out of the beam does no% occur appreciably.
As is only to be expected the process is not so simple as it appears.
Blois pointed out that if equilibrium obtained between the starting
alloy and its vapour the chemical composition of the vapour would be
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changed. In the case of 80/20 Ni' Fe, assuming Raoult's Law to hold
(that the lowering of the vapour pressure of a solvent is proportional
to the concentration of solute), an iron enrichment of about 16%
should occur, Work by Goldfinger of Brussels University using a
mass spectrometer to analyse the vapour, suggests that an enrichment
of this order can occur under conditions which presumably approach
equilibrium, On deposition on a cooler substrate it is assumed that
instant freezing takes place with no subsequent re-evaporation and
that the deposited film is the same composition as the vapour. The
fact that our deposited films are near the starting composition shows
that equilibrium is certainly not obtained. The evidence suggests
that the faster evaporation takes place the nearer the composition is
to that of the starting material. With evaporation rates of a few
thousand A%/minute the iron enrichment does not exceed two per cent
and is fairly reproducible, It is better to bring .the starting
material up to the desired temperature while the surface to be
covered is shuttered off from the beam, The shutter is then removed
and evaporation proceeds at a fairly constant rate until the desired
thickness is obtained., This can be estimated by time alone or,
better, by measuring the electrical resistance of the film between
two control electrodes. The shutter is then replaced.

Heating of the starting material presents certain problems.
Temperatures near 1400°C are needed, But molten nickel iron
affects most metals commonly used for heaters (e.g. tungsten,
molybdenum), The starting material should be placed in a crucible,
but the crucible material is again critical. Silica has so far
been ruled out because of the effects of traces of silicon on the
magnetic properties, particularly the initial permeability, of common
iron nickel alloys. Whether it affects the switching properties is
not known, Alumina is quite suitable, apart from the scum which it
forms on the surface of the melt and which reduces the rate of
evaporation., Zirconia appears to be the best material so far, A
3% kilowatt induction heater gives adequate power to heat the start-
ing ingot, whose mass is of the order of twenty grams at most.
Considerable skill is required in the arrangement of heater, crucible
and substrate to obtain uniform evaporation on to a surface which is,
at present, about three inches square. As the surface is flat, a
suitably large distance between crucible and surface is necessary to
obtain negligible falling off in thickness of film at the edges,

The substrate itself is of very great importance. It must be
inert, to prevent chemical changes in the deposited films. It
should be amorphous to discourage the growth of large oriented
crystals in the film, It should be rigid to prevent strains being
developed, It should have a similar thermal coefficient of expan-
sion to the nickel iron and should be capable of being heated to
temperatures of near 500°C without softening, to enable annealing to
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take place, Its surface must be smooth to prevent shape
anisotropies developing. It happens that soft glass microscope
slides and cover glasses fit these requirements remarkably well and
they are extensively used.

The preferred direction of magnetization is, in practice,
artificially set up during evaporation by applying a uniform
magnetic field of about 50 oersteds parallel to the surface to be.
deposited upon. The substrate is heated to about 300°C. This
has been found to work best in practice, Temperatures of this
order are sufficiently high to enable the magnetic anneal to be
effective, It is also believed that they encourage the formation
of a uniform film with no isolated islands. The coercive force of
films deposited on substrates at room temperature can be as high as
50-60 oersteds or more, but this drops rapidly to 1 or 2 oe when
the substrate has been heated during evaporation, The magnetic
preferred direction can be changed by subsequently annealing in a
different magnetic field at temperatures above 300°C,

There is a limit to the size of uniform evapcrated sheet which
can be produced in present evaporators, Physical limitations are
introduced by the size of the evaporation chamber, The vacuum
pumps must be capable of keeping the chamber evacuated to about 10™2mm
even when the starting material and its crucible are heated red hot.
Even so, the prospects of producing thin films for storage purposes
by evaporation is quite feasible and looks fairly cheap compared
with ferrite rings., Some form of building up in blocks a few inches
square could be used, although if sufficiently large numbers were
needed a suitable evaporator of much larger blocks could be built.

An even cheaper method of producing as large a sheet as required is
that of chemical or electrolytic deposition. Once again, however,
similar difficulties arise in the control of composition of the
deposited layer and the control of its mechanical condition. The
propertiesg of the substrate are again of major importance. In

fact the whole problem is on a similar scale to that of preparation
by evaporation., Enough preliminary work has been carried out at
RRE to show that the method is promising, but no films have yet

been obtained with as low a coercivity for rotation as the evaporated
films, Most of them have had no preferred orientation and switching
has been relatively slow, probably by domain wall movement.

7. Magnetic Measurements

There are two fundamental measurements which must be made on
all magnetic films, namely the B-H loop in the preferred direction
and at right angles to it, and also the changeover time,

B-H loops can be obtained in various ways, mostly rather
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tedious, As high accuracy is not required and speed is essential

if any number of specimens are to be examined, and as it is dcsirable
to have a continuous display of the loop to enable the preferred
direction to be found, a cathode ray tube presentation is indicated.
A film 1 cm wide, 1000 A° thick, and of saturation induction

10,000 gauss, produces a flux change of 0,2 line, on changing
magnetization, If the substrate is 1 mm thick and of the same
permeability as air, the flux change in the substrate alone, due to

a field change of 2 ocrsteds is the same, In fact the 'air' link-
age of any pick-up coil round the specimen is greater than this, by
at least a factor of ten, This air flux can be easily eliminated
by using a pair of balanced pick-up coils in opposition, and measuring
the departure from balance cobtained by inserting a specimen in one

of them,

The basic apparatus is shown in Fig, 5, which is self
explanatory, A few points must be noted. To portray a rapid
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Figure 5 B=H loop apparatus
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change in magnetization, the resonant frequency of the pick-up coils
and the upper frequency limit of the amplifiers must be kept high in
relation to the recurrence frequency of the whole cycle. If a
rapid change takes place the output voltage dB/dt of the pick-~up
coils is large and the preamplifier must have a large signal handl-
ing capacity. The preamplifier gain must be sufficient to make any
noise contributions from the post-integrator circuits negligible.
The recurrence frequency should be as high as possible to minimise
the amount of flicker noise from the preamplifier but the low
frequency cut off of the amplifiers and integrators must not
introduce any phase shifts at the recurrence fregquency. Finally
correction circuits, apart from the initial balance adjustment
between the two pick-up coils should be eliminated. It is possible
to obtain any shape of B-H loop required if an adequatc number of
correction adjustments are provided. Typical results for variation
in coercivity with thickness in the preferrcd direction arce shown
in Fig. 6. The reasons for the sudden increases ncar 3000 A© are

not known,
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Figure 6 Coercivity v. thickness of evaporated NiFe filums
8. ' Measurements of rate of change of magnetization

These measurements are carried out in an apparatus similar
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in principal to the B-H loop apparatus, but scaled up in frequency,
The integrator is left out and dB/dt is given as a function of time,
The apparatus 1s shown in Fig. 7. A uniform field over a reasonable
area is produced by an Helmholtz pair of coils of one turn cach,
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driven from a length of charged coaxial cable using a CV372 hydrogen
thyratron as a switch, Rectangular pulses of current up to 15 amps
can be obtained with a rise time of about 30 mpsec, and a duration
depending on the length of the cable (up to 1 usec). Switching
times faster than 30 mpsec, can be measured, as the 30 mpy seconds
include the slow start to the rising edge of the pulse, This is
ineffective as switching takes place only when the coercive force
has been exceeded, - In fact the limit of the apparatus is about

10 mpusec, from this point of view, No oscilloscope amplifier is
adequate at these speeds, so a distributed line amplifier of gain
2000 and frequency up to 160 Mc/sec. is used to drive directly the
deflection plates of a high speed oscilloscope, Typical results
are shown in Figures 8 and 9 in which the reciprocal of switching
time is plotted against field for the preferred direction of a film
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Flgure 8 'Switching time v, field for film in Fig., 9

and at 15° to that direction. The speed-up is very apparent and

it is obvious that very fast switching of the order of 20 musec.

caen be obtained in a field of twice the intercept of the curve with
the axis, This 1s perhaps unfair, as the DC coercive force is only
about two oersteds., In practice, however, pulsed fields would be
used, and it is probable that no switching would occur with fields
below four oersteds provided their duration was less than 20 mpsec,
This remains to be investigated,

It is unfortunate that only a few specimens show quite such an
improvement in switching speed on misalignment with the switching
field although all with a preferred direction show it to some extent.
One of the objects of the RRE research is to be able to produce
elements with these fast characteristics every time.
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9. '~ Domain Wall Decoration

In a thin film of NiFe, the direction of magnetization is
usually in the plane of the film, yet when a domain boundary occurs,
a component of magnetization normal to the film can occur as the
direction of magnetization rotates from one domain direction to the
next, It is then possible to show up this boundary by using the
modern version of the 'iron filings technique' for showing up the
poles of a magnet; colloidal magnetite is used in solution and
concentrates on the boundaries., This method - first suggested by
Bitter - usually relies upon a variation on a recipe given by Elmore
for producing and stabilizing the colloid. However these recipes
have all proved too corrosive for long time observation of domain
patterns on thin films, and the one used at prcsent was developed
by C. Fuller, In this, equimolecular proportions of FeQ and F6203
are coprecipitated, filtered, washed and boiled up with soap solu-
tion; no hydrochlorine acid is used (as in the othcr recipes) to
peptize the Fe 04. Domain walls can be seen easily on NiFe films
whose thicknesg * lies between 700-2000 A%,  Above 2000 A° the
domain walls become broad and diffuse, below 700 A® they become too
narrow and a new form of domain wall develops in which the magnetiza-
tion rotates in the plane of the film, This does not attract the
¢olloid,

This technique is of great use in determining the extent of the
change in the magnetization of a thin film when it is subjected to a
non-uniform field, Some illustrations of this effect are shown in
Fig, 10, Here the magnetic film has been magnetized to saturation
in one direction and exists as a single domain. A wire carrying a
current is laid on the surface to produce a reversing field under-
neath it. The horizontal component of the reversing field in the
plane of the film is calculated, and it can be seen that portions of
the film are changed over until the field has fallen to approximately
a half of H,. The boundary zig-zags to minimise the energy, but
exact details are again somewhat obscure. Considerable fine detail
can exist in the structure of these domain walls, all to minimise
the wall energy, and it is apparent from the figure that two
different types coexist, one showing . as a faint finc line, the other
a heavy doublc line looking slightly out of focus and apparcntly
dotted.

This method enables the uniformity of the film to be tested
from spot to spot and the preferred axis can be derived from a
study of zig-zags.

10, Chemical Tests

The only chemical tests carried out on the films have been to
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determine their average composition. & film 5 cms by 2 cms by

1000 A° contains about 8 x 10”™% gms of material and if it is desired
to carry out an analysis to better than 1% then an accuracy of a few
micrograms must be achieved, Nickel and iron are not very convenient
substances to cstimate in the presence of each other and a preliminary
separation must first be carried out. The quantities present are
then estimated by a polarograph, and some results are shown in Pig.11,
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11, Physical Tests

The chemical tests give only a mean composition over the whole
film; it would be advantagcous to obtain spot compositions to check
for varying composition (and hence anisotropy) over one film, Now
X-ray defraction techniques will determine to high accuracy the
lattice parameter of the material, As the nickel and iron form a
continuous solid solution in the range of compositions we are
interested in, the lattice parameter varics linearly throughout the
range. Therc is evidencce of a slight departure from linearity near
75 Ni 25 Fe, occasioned by thc formation of NizFe, and this is shown
in Fig. 12 where lattice parameter is plotted against composition.
By using back-reflection Debye Scherrer patterns, a small change in
lattice parametcr shows up as a large change in ring diameter and
it is possible to plot composition against ring diameter assuming
there are no other causes of variation in lattice paramcter (Fig.

13).

Possible sources of variation other than composition arec
temperature and strain. A strain corresponding to the elastic limit
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gives a 0,001% change in lattice parameter corrcsponding to a
composition change of 3%, - This is about the limit of accuracy of
the measurements. This 1imit arises from the diffuseness of the
diffracted rings causcd by finite crystallite size in the direction
normal to the thin film, (The diffuseness is too much to be
attributed solely to strain variations). A very approximatc
estimate of crystallite size can be made - see Fig., 1. Annealing
the films improves the sharpness of the rings a little and is
essential for film thicknesses below 1500 A° to see the rings at all
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No change in mean diameter of the rings is secn at different spots
across the film surface, so no detectable variation in composition
occurs, No perceptible change occurs on anncaling. All the rings
characteristic of a face centred cubic lattice are present with
expected intensities and they are complete; therefore no orientation
of the crystallites exists. 1In one particular case, after anneal-
ing, the (222) ring was missing, suggesting oricntation of the (111)
direction normal to the plane of the thin film, The other ring was
complete, showing no orientation in the plane of the film,

Although iron and nickel have similar X-ray scattering
coefficients, it is possible on bulk materials under extreme condi-
tions to detect ordering of the atoms. This is not very possible
on thin films, as thc diffracted lincs characteristic of order are
too faint and arc below the background level.

12, Electron iicroscopy

Carbon replicas of the nickel iron films rcveal a certain
amount of structurc reminiscent of boiling porridge (Fig. 15).
What structure there is is mostly circular, about 500 A° or so
across, and is randomly distributed. It is unlikely to cause
anisotropy in the film,

Direct clectron transmission of unanncaled films docs not
allow many electrons through except near a few holcs, and little
dctail can be seen. It is hoped to continuc this work using
anncaled films, Elcctron diffraction of thin areas near holes
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Electrical resistance can be measured simply, and resistivity
calculated if the thickness is known. Films below 1000 A° thick
have a higher resistivity than normal and this may be caused by the
film consisting ¢f iglands not completely joined together.,  Above
1000 4° the bulk resistivity is obtained, although some variation in
resistivity occurs which is not entirely explained by variation in
mean composition. This may be due to different degrees of ordering,

14. Hagnetic Store

The final object of the investigation is to produce elements in
a form suitable for use in a high speed computer store, and to this
end a certain amount of work has been started in order to see what
form the elements should take and how they would behave in non-
uniform fields. The problem of interaction of the elements is also
important when more than one is to be considered. Switching time
measurements indicated that scme adverse effects were arising with
small specimens which did not occur with long specimens, whose
ecentres cnly were switched, It was therefore thought desirable to
investigate the possibility of usinhg complete sheets of nickel iron
and switching selected areas of them by conductors in planes
parallel to the magnetic film plane, so arranged as to produce a
field exceeding the coercive force at the particular points desired.
To this end, the first line of atteck was to determine by domain wall
decoration methods how far the change in magnetization spread,
Two insulated conducting strips were placed over a sheet of nickel
iron film magnetized to saturation, and the strips were arranged to
approach each other and the film at seiected points, A IC current
which would not produce any reversal of magnetization if passed
singly through either of the conductors changed the magnetization
when passed through both at the same time as shown in Fig. 16.
From this evidence it would seem possible to space

vy @ [
@0
NG IV I
D 0 o

DIRECTION OF MAGNETIZATION
INDICATED BY ARROWS.

Figupe 16(a) Selected area switching of NiFe film
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individual clements in a store at a maximum of 0.5 cm apart and a
completc 100 x 100 shect in 50 cms squarc (maximum). The matrix of
conductors would bc arrangzd on a series of parallel sheets, and the
packing in/the direction at right angles to thc shects should be
similar, This indicates that a megabit store could bc compacted
into an cighteen inch cube. There are troublcs, however, when it
comes to driving such a store at high speeds, and further experiments
arc being carried out using symmetrical strip transmission lines.

As a final item, mention should bec made of digital storage with
non~-destructive rcad-out. This can be achieved by using two films
A and B, onc¢ with a uniaxial anisotropy and a higher cocrcive force
than the other, The higher coercivity film A, acts as the memory
and if the lower cocrcivity film B is switched by a read pulse, then
on removal of the pulse, the film A rcsets film B. It is thercfore
possible to dectermine the magnctic state of film A without switching
it. On the othcr hand this state can be changed by applying a
sufficiently large field to film A, Other techniques have been
rceported by other workers. In particular by applying a short
enough pulse in the planc of the film at right angles to the
preferred direction the magnetization can bc changed clastically by
cnough to be detcctable without any pcrmanent change being caused.
As the change is all rotation under maximum torque, it can take
place very rapidly,
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